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1-1. d-plane transform
en=23,4,....d=1,...,n—-1.
@ The Grassmannian Gy , is the set of all d-dimensional vector
subspaces of R". dim Gg,, = d(n — d).

@ The affine Grassmannian G(d, n) is the set of all d-dimensional
planes in R", thatis, G(d,n) = {x"" 4+ ¢ : ¢ € Ggn, X" € c+}.
N(d, n) :=dimG(d,n) = (d+1)(n—d).

x"" 4+ o is sometimes denoted by (o, x”).

@ Denote x = x’ + x"" € ¢ @ o+ = R". The d-plane transform of
f(x) = f(x' + x"") = O((x)~9~¢) is defined by
Raf(o,x") = [ #(x'+x")dx’, (1)
o

where (x) = /14 |x|? and dx’ is the Lebesgue measure on o

@ R4f is said to be the X-ray transform of f,
and R ,,_1f is said to be the Radon transform f.
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1-2. Filtered back-projection
The formal adjoint of R4 is given by

aP(x) = ¢(E)du(Z)

1
C(d, n) J{zcG(d.n):xez}
1

= k - o)dk,
C(d,n) 0<n)(”(’“r ?)

where x € R, ¢ € C(G(d, n)),

C(d,n) = (4r)92r(n/2)/T ((n — d)/2), du and dk are normalized
measure, and ¢ € Gy p.

Proposition 1 (FBP (filtered back-projection))
For f(x) = O((x)~9-%),
f=(=Dx)"PRER4f = Ri(—Dxr) PR 4f, (2)

where —Ay = —9%2 — -+ — 9%, and —Ax» is the Laplacian on .

y
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1-3. Range of the d-plane transform

Proposition 2

Ra: 2(R") — 21(G(d, n)) is bijective, where Z(G(d, n)) is the
setof allp € 7(G(d, n)) with the following conditions: for any

k =0,1,2,..., there exists a homogeneous polynomial P, on R" of
degree k such that for any o € Gg n,

Pk(gﬁ) — /‘7l (P(U'v X”)(g” -x”)"dx”, 6” c U'J‘.

Note that if f(x) € 2(IR"), then we can define Py (&) by
P () == /R f(x)(&x)kdx, &€R".
Forany ¢ € Ggpand &’ € ot,

P (8") =/Fl </‘7f(x’—|—x”)dx’> (&"-x")*dx".
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1-4. CT scanner
Consider the following situation on R2:

@ Here is an object whose attenuation coefficient distribution is f(x).

@ The X-ray beam is supposed to have no width, and traverses the
object along a line . Iy and I denote the intensities of the beam
before and after passing through the object respectively.

1 I
/‘ I“ /

If the object is uniform, that is, f = d - xq and the travel length in the
object is £, then the Beer-Lambert law obtains

Io

log <’;’> :d-E:Af:’Rﬂ(fy).

The same formula can be obtained for more general f, and we can
regard R1f(y) as the measurement of CT scanners.
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1-5. MATLAB illustrates R+, UFBP and FBP.
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1-6. Beam hardening

@ There are some factors causing artifacts in CT images: beam
width, partial volume effect, beam hardening, noise in
measurements, numerical errors and etc.

@ In the formulation of CT scanners in Page 6, the X-ray is
supposed to be monochromatic with a fixed energy, say Ep > 0.

@ Actually, however, the X-ray beam has a wide range of energy E
and the attenuation coefficient distribution fg depends on E. This
is described by the spectral function p(E) which is a probability
density function of E € [0, c0). The formulation of the
measurements of CT scanners becomes

log <';’) — —|og{/0°°p(E) exp(—R fE)dE}.

If fe is independent of E, that is, fg = fg,, then

I (o]
og (8) = —tog {exp(~Rute) - [ p(E)dE} = R,
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1-7. Metal streaking artifacts
@ Consider a simple model of the beam hardening:

p(E) = o xits-crel(E),
fe(x) = fg,(x) + «(E — Eo) xp(X),

where fg, is an attenuation coefficient distribution of human tissue,
€ and « are small positive constants, and D is a metal region.
Then the measurement becomes

P = Rifs, — log {sm';(;;ﬁ;w) }

= Rafg, + Y Ac(eeR1xp)? .
k=1
@ Park-Choi-Seo (CPAM, 2017) proved that the metal streaking
artifacts occur and they are described in the wave front set.
@ Palacios-Uhlmann-Wang (SIAM J. Math. Anal., 2018) proved that
the streaking artifacts are conormal distributions.
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1-8. MATLAB illustrates metal streaking artifacts.

FBP of Xf

o Left: Ry (—Ax»)(R1fg,+aeR1xD)-

) 1
@ Right: R} (—Ax~) {'R1 fEO—3(068R1XD)2}-
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2-1. Wave front set of distributions

Definition 3 (wave front set)

Let X be a manifold. For u € 2’(X) and (x,&) € T*X \ 0, we say
that (x, &) & WF(u) if there exists ¢ € Cg°(X) with ¢(y) # 0 near
y = x and a conic neighborhood of V at # = ¢ such that

pu(n) =O(()™™) for eV, M=1,23,....

In other words,

Ix(u):= [ {n€TyX\0:¢u(y) # O(n~)},
¢ (x)#0

WF(u) := {(x,8)eT*X\0:¢ € Zx(u)}.
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2-2. The characteristic function of a half-plane
Set f(x,y) = 1if x > 0, 0 otherwise in R2:

Let ¢ (x,y) € 2(R?).
° If $(0,y) =0, then @F(&, 1) = (& 1) or pF(&, ) = 0. We
have ¢f(g,17) = O((gin)~>), where (&) = /1 +[§12+ [y]2
e If¢(0,y) #0, then

Pf(E,n) = Ccmst-rw/]R (i:;(i ? dc.

@ Then WF(f) = {(0,y.¢,0) | ¥y, € R, # 0}.
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2-3. Conormal distributions

Definition 4 (Conormal distributions)

Let X be an N-dimensional manifold, and let Y be a closed
submanifold of X. u € 2’(X) is said to be conormal with respect to Y
of degree mif

Li---Lyue® I(cfm—NM)(X)

forall M =0,1,2,... and all vector fields L4, ..., Ly tangential to Y.
Denote by I (X, N*Y) or I™(N*Y), the set of all distributions on X
conormal with respect to Y of degree m.

0 0 1/2
0oy = s (/X &) dc) ,

Xoi={lg <1}, X:={27<|g <2}, (=1.23...).
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2-4. Conormal distributions and oscillatory integrals

Proposition 5 (Characterization of conormal distributions)

Let X be an N-dimensional manifold, and let Y be a closed
submanifold of X with codim Y = k. Fix arbitrary y € Y and choose
local coordinates x = (x’, x") € R¥ x RN=k such that x(y) = 0 and
Y is represented {x’ = 0} locally. For u € ImTk2=NI4(N*Y) there
exists an amplitude a(x", &) € S™(RN—k x R¥) such that

u(x) = /k eix’-@"a(x//,g/)dg/ near x — 0.
R

Here S™(RN—k x R¥) is the set of all smooth functions on
RN—k x R¥ such that for any compact set K in RN—¥ and
multi-indices w, B

95,9 va(x”, )| £ Ckap(E)™I*1 for (x”,&) € K x R
with some positive constant Cy,g.
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2-5. Examples of conormal distributions

o f(x,y) € I"'(N*({x =0})).
e Ifa(x,&) € S™(RN x RN), then

K(x,y) = /R~ e~V a(x,E)dE € IM(N*A),

where A = {(x,x) : x € RN},
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2-6. non-degenerate phase functions

Definition 6 (non-degenerate phase functions)

Let X be an N-dimensional manifold. We say that

@(x,0) € C°(XxRK\ {0};R) is a non-degenerate phase function if
® ¢(x,18) = tp(x,0) for (x,0) € XxRK\ {0} and t > 0.
@ dy(x,0) #0.
o If ¢y(x,0) = 0, then rank[dg/,(x, 0)] = k.

In this case C, = {(x,0) : ¢},(x,0) = 0} is an N-dimensional
submanifold of X x R¥ \ {0}. Set
Ay := {(X, 9% (x,0)) : gf(x,0) = 0}. Then

Cp 2 (x,0) — (X,94(x,0)) € Ay

is a diffeomorphism and A, becomes a conic Lagrangian submanifold
of T*X \ 0, that is, a conic submanifold with déAdx = 0.
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2-7. Lagrangian distributions

The notion of conormal distributions is generalized as follows.
Definition 7 (Lagrangian distribution)

Let A be a conic Lagrangian submanifold of T*X \ 0.
Im(X,A) = I™(A) is the set of all u € 2’ (X) satisfying
@ WF(u) C A.

@ For any (xo. o) € A there exist a non-degenerate phase function
@(x, 0) and an amplitude a(x, 8) € S™tNA—k2(x » R¥) such
that A = A, and

u(x) =/e’9"(""’)a(x, 0)do near (Xo,Zo).
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2-8. Fourier integral operators

Let X and Y be manifolds, and let A be a conic Lagrangian
submanifold of T*(XxY) \ 0. For K(x,y) € I"(XxXY,A),

Au(x) = | K(x,y)u(y)dy. ue(Y)

defines a linear operator of Z(Y) to &(X). Ais said to be a Fourier
integral operator. Locally A is given by

Au(x) := // ey a(x,y,0)u(y)dyds.

with some ¢(x, ¥, 0) and a(x, y, 6). If the principal part of a does not
vanish, then A is called an elliptic FIO.

AN :={(x,y;:&n): (x,y; & —n) € A} is said to be the canonical
relation of A. We have WF(Au) C A’ o WF(u) and if A is elliptic then
WF(Au) = A’ o WF(u) holds.
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3-1. T*G(d, n)

Lemma 8

T*G(d, n) is expressed as
{(a. X", oy, &) 20 € Gan, X}y, & € 01}

Proof. Fix an arbitrary (o, x”’) € G(d, n). The set of (co-)tangent
vectors corresponding to ¢ is a d(n — d)-dimensional vector space
since o € Gqg,n. There exists an orthonormal system

{w1,...,wg} C S" 1 such that ¢ = span{w4, ... .wg). If we replace
wj by cw;j with ¢ € R\ {0}, ¢ does not change. Hence (co-)tangent
vector »; corresponding to w; belongs to wf. Since ¢ is independent

of the choice of {w1,...,wq} C S"1, (co-)tangent vectors 71, ..., 54
corresponding to o belong wi- N -+ - Nw4 = o+. O

Notation. The orthogonal projection of R” onto o € Gy, is denoted
by 7.
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3-2. The canonical relation of the d-plane transform
Theorem 9

R q is an elliptic Fourier integral operator whose distribution kernel
belongs to

Io+(n—d)/2—(N(d,n)+n)/4(G(d, n) x R™: A¢),

m+5_ﬂ_o+n—d_N(d,n)+n=_d(n—d+1)_

2 4 2 4 4

Ay = {(o,y — 7oy, y; £|meuly,0,...,0,1,1) :
0 € Gygny ERyE Tt}
={(c,x", x" + tw; 1Z,0,...,0,¢,2) :

(o, x") € G(d,n),tER,w € c NS, &y € o}
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3-3. Fourier slice theorem
Forany c€Ggpand & € o+,

/ e IR f (0, x")dx" = / / e ™" Cf(x' + x")dx’ dx”
ot ot Jo

:/ /e_i("'+"")'§f(x’—|—x”)dx’dx” = #(g").
ot Jo
The for any (o, x”)€G(d, n),
"y _ 1 X" EF
Raf(c, x )_(271:)"—”/¢7Le F(&")de
__ 1 i ~y)E
= @m)yr-d /UL /IRne f(y)dyd¢

1 i 1"
= (2r)n—d / /]R e'? (X" YO f(y)dydg,

p(o. X"y, &) =(x"—y)-& (0,x")EG(d,n),y ER",F € ot

It suffices to show that ¢ is a non-degenerate phase function.
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3-4. ¢(o,x”,y,n) is a phase function.

@ Critical points ¢ = 0:
For ((o,x”),y,E)€G(d, n) x R" x R", set
Yi(o,x",y,E) :=¢(o, X", y,E — ,E). Then
Y = (x"—y) : (:_ TCU’E‘) = (x”—y—|— 7Ttr.V) -5,

¢r = Ve¥ilz=z = X" — (y — 70, ¥).

@ Non-degeneracy rank d¢ézn —d:
¢é’y = —I + 7, implies rank ¢é’yEn — d and rank d¢ézn —d.

@ non-vanishing d¢ # 0 for & # 0:
Since ¢, =& #0for& #0,d¢ # 0for & #0.
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3-5. A},

Let us express ¢ €Gg, p by o = span{wy, ..., wq). By using the similar
arguments in the previous page, we have at the critical points

x" = y—msy
(@ X" Vi g —#y) = (0. X", yi (Y- w1, ¥ - wa, 1)E,§).

By using a rotation on ¢, we can choose {wh, ..., wq} such that

y-wi==£[moyl, yrwp=:--=y-wqg=0.
We have at the critical points x”/ =y — mr,y
(@ X",V @l — ) = (0. X", ¥: (£ Y], 0,0, 1)E.8).

This completes the proof of Theorem 9. O
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4-1. Main Theorem

@ Suppose that the metal region D C R" is a disjoint union of D;
(j =1...,J) which are simply connected, strictly convex and
bounded with smooth boundaries X; := dD;. Set & := 9D.

@ For j#k Zj denotes the set of hyperplanes tangential to Z; and
Yk. Set ¥ = U.iﬂjk.

® xp, € ITTV2=MA(N*E), xp € ITTT12-MA(N*E) (cf. f(x.y)).
Theorem 10

Away from X, the nonlinear part of the CT image

fua:=for — fe, = Y Ax(ae)*R5(—Ax) 2 [(Raxp)?]
k=1

belongs to I—(9+3)2+12—nid( Nx ) " and jts principal symbol does not
vanish. This means that fya causes the metal streaking artifacts.
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4-2. lllustration of Theorem 10

@ Park-Choi-Seo (CPAM, 2017) proved that WF(Fya) = N*.% for
(n,d) =(2,1).

@ Theorem 10 is the generalization of Palacios-Uhlmann-Wang
(SIAM J. Math. Anal., 2018) for (n,d) = (2,1).

e If Z; and Zx have a common tangent hyperplane Iy, then their
microlocal singularities, which are in the same conormal direction,
spread all over ITj.

@ If Lj and Iy have a common tangent d-plane with d < n — 2 and
the directions of their microlocal singularities are different, then no
nonlinear effect occurs.

| e
I - [

2 3
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4-3. The canonical transform of D
We need to consider

(Raxp)? = Z(Rd?(n )24+2 Y Raxp - Raxoe
j=1 1<j<k<J
AyoN'E; = {(o,y — oy, ¥; (£|70yl,0,...,0,1)7) :
(¥, ) EN*E;\ 0, 0E€Gg,n o C o}
Set
Sj:= TTG(d,n) (A:PON*ZI')
={(c.y —7y) : yE€L;\0,0€Gq,n, 0 CTyL;}.

Lemma 11

@ codimS; =1, and N*S; = AﬁpoN*Zj.
@ If j#k and SjNSx # @, then S; intersects Sy transversally.
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4-4. SjNSy and its conormal bundle

If (o, x’")€SjN Sk, then there exist y; € Lj and yx € Lg such that
o C TyZjNTy Xk and X" = y; — 7, ¥j = Yk — 7o Yk- Using the
same notation we setfor I = d,...,n—1

(Sjﬂsk)l — {(0’, X”)ESjﬂSk : dim(TijjﬂTykEk) = I}

Lemma 12
® IfNyX; = Ny Xy, then TyX; = Ty Xk and I = n—1.

() codim(SjﬂSk), = d(n — I — 1) + 2.

Set Sjk = (S,-ﬂSk),,_1. Then codim Sjk = 2, and
N*Sjk = {(O',X”; (t,0,...,0, 1)1]) :

B — 1 t—1i
bk — ¢ tx

(1,0,...,0,1)y = (1,0,...,0,1)7 +
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4-5. Interaction near (S§jNSk); (I < n—1)

Theorem 9 implies that Rgxp, € I~ (9+2/2+112=N(@m/a(N*5;). We
show that we can neglect the interaction near (S§;NSk); (I < n—1).
Fix an arbitrary Z€(SjNSk);. We can choose local coordinates

(x,y,2) € R x R x RN(@M—2gych that E = 0. u € I7*(N*S;) and
v € I7#(N*Sy) are given by

u= [ e*a(y.z.5)ds, v=[ e¥b(x.z.n)dy,
R R
and since (&) ~N{(y) ~N(Dyx)N(D,)Ne/Xe+yn) = gi(xc+yn)

uv = / /R ,e/0EtDa(y, z,5)b(x, z,17) dgdy

i Dy,\Na(y, z, Dy )Nb(x, z,
— //]Rz el(XC‘l‘.V’i)( .V> <Z§x Z g) < > <11§)A([ z 17) dgdi]

forany N > 0 near 0.
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4-6. Paired Lagrangian distributions
Definition 13 (Paired Lagrangian distributions)

Let u,v € R, and let Ag, A1 be conic Lagrangian submanifold of
T*X \ 0. We say that u € 2’(X) belongs to I"V(Ag, A1) if
WF(u) C AgU Aq and away from Ag N Aq

UEI”+V(A0\A1), ueil*(A).

Lemma 14 (Greenleaf-Uhlmann, 1993)

Let X be an N-dimensional manifold, and let Y, Z be submanifolds of
X with codim Y = ky and codim Z = | respectively. Suppose YN Z
and setcodim YNZ = ki + ko = 1 + k. Then
I;t+k1/2—N/4(N* Y) . Iv+k1/2—N/4 (N*z)
Cly+k1 12—N/4,v+ky/2 (N* ( sz) , N* Y)
_|_I1/+I1/2—N/4,;4+I2/2 (N* ( Ynz) , N*z) .

4
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4-7. Outline of Proof of Theorem 10

o Setw/ =Y ,—(d+2)/2—|—1/2—N(d,b)/4,—(d+2)/2+1/2(N*Sik,N*Sj)_
J#k

@ Note that [~ (d+2)2+12=N(d.b)A(N*S;) C .

@ Lemma 14 proves that (Rgxp)? € /.

@ It follows that .« is an algebra. In particular

Pua:= Y Ax(ae)®(Raxp)®* € &.
k=1

@ Applying Lemma 15 to Pya, we prove Theorem 10.

Lemma 15
n+N(d.n) n-—d

R} (—Ax)92 is a FIO of order with a

canonical relation (Ag)* := {(x,¥.¢. %) : (V. X,;1.§) € Ay}, and
(A})* o N*S; = N*Z,, (A))* o N*Sy = N* L.
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4-8. IV (N*Sj, N*Sj) is given by oscillatory integrals.
Ifue I_(d+2)/2+1/2_N(d’b)/4'_(d+2)/2+1/2(N*Sjk, N*Sj), we can
choose local coordinates (x, y, z) € R X R x RN(@:M) =2 gnd find
a(x,y,z,¢,n) suchthat §; = {x =0}, S = {x =y =0},

3%y 20%05a(x,y, 2, & 1) = O((& )~ (@222 ()~ (@+2)2-f),

u(x,y,z) = //}R2 ety a(x,y, z,& n)dzdy

near (x, y,z) = 0. Such a class of symbols is denoted by B4. We
shall evaluate the products of such paired Lagrangian distributions. To
show that .« is an algebra, we shall check that Uy is closed under
convolutions in ¢ and #.

Pick up ¢ (t) € C*°(R) suchthat0 < () <1,

() =1for [t] £1/2,0 < p(t) < 1for1/2 < |t| < 3/4,

p(t) = 0for |t| = 3/4. Then1 — ¢(t) = 1 for |t| = 3/4,
0<1—gy(t) <1for1/2 < |t| <3/4,1—(t) =0for |t] < 1/2.
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4-9. (I”’V(N*Sjk, N*Sj))2 C o
Suppose that there exists b(x, y, z, &, ) €Uq such that

v(x,y,z) = //Rz e XSty p(x,y,z,& 4)dEdy.

Then
uv = // , ei(X§+y’7) Cq (X. Y. 2, g’ ”)dgd”'
R

c= //IRZ a(x,y.2,& — {1 — A)b(x,y,{, A)dCdA.

It suffices to show that ¢1 € Uy.

set@(@n8.0) = (ESRI=M) vy =y (V0.

® (& m)|~ (g A)|for@ > 0.
@ (E—C,y—A) = (&Gyy/2for1 —® > 0.
0 32 =O((Z—T,—A)"*F).
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4-10. ¢ € Uy
Note that 9z (9(§ — ¢)) = —9¢(9(§ — 7). Using

1=0¥+(1-@)¥+ (1 —¥)+(1—®)(1 —¥),

we deduce that

3)y.z8hc= Y C(v) / /IR &b, dida

Y=y
/ /m &b, didr = / /R _a, %04 (®¥b,_,)d7dA
4 / /R a0 ((1— @)¥b,_,)d7dA
1 / /]R _afag(®(1—¥)b,_,)d7dA

+ //]Rz a’f(1—®)(1 - ¥)b,_, d7dA
= O((gsy) ~(IH22ma () ~(@H2I22F),
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4-11. 1"V (N*Sj, N*S;) - I (N* Sy, N*Sy) C o/
Suppose that there exists b(x, y, z,#, {) €Uq such that
v(x,y,z) = //ze"("g””)b(x, y. 2,1, &)dEédy.
R
Then
uv = //2 e Xty p(x,y, z, & ) dEdy,
R
p= [, a(xy.2.8—Ln—)b(x.y. A D)dldA.
In the same way as in the previous page we have
O,y 20gadlp = O((g)~(AHD2=x (yy ~(d+2)/2-F),

If we set

a(x.y.z.¢.1) —tl)(gg;)p, r(x.y.z,1,¢):=p—q,

then q, r € Uy, which implies I-I' C I+ I'.
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5. Discussions

® Pya & Rq(&'(R™)).
@ Palacios-Uhlmann-Wang (SIAM J. Math. Anal., 2018) studied the

case that Dy, ..., Dy are convex polygons in R2.
£8P of Xf »  reporoa? £8P of (XN)* £8P of (1°
When Dy, ..., Dy are convex polyhedra in IR3, the situation is

more complicated.
@ Theorem 9 might be useful to studying limited data problem.

@ It might be worth studying these topics in the setting of some kind
of Riemannian manifolds.
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