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For any F-algebra A, we say that an A-module M is Schurian if
Enda(M) = F. We say that A is Schurian-finite if there are only finitely
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SIS IELRNNE N Definitions

Schurian-finiteness

Let IF be an algebraically closed field of characteristic p > 0 throughout.
For any F-algebra A, we say that an A-module M is Schurian if
Enda(M) = F. We say that A is Schurian-finite if there are only finitely
many isomorphism classes of Schurian A-modules, and Schurian-infinite
otherwise.

Schurian modules must be indecomposable, so clearly

representation-finite = Schurian-finite.

The converse is not true in general — e.g. preprojective algebras of type
other than A, for 1 < n < 4 are representation-infinite, but Schurian-finite.
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Schurian-finiteness Reduction

Schurian-finiteness

A result of Demonet, lyama and Jasso (2019) yields that A is
Schurian-finite if and only if it is 7-tilting finite.
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Schurian-finiteness Reduction

Schurian-finiteness

A result of Demonet, lyama and Jasso (2019) yields that A is
Schurian-finite if and only if it is 7-tilting finite.

So we can use established results for 7-tilting (in)finite algebras to

determine when algebras are Schurian-(in)finite. In particular, we make
heavy use of the following reduction result.
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Schurian-finiteness Reduction

Schurian-finiteness

A result of Demonet, lyama and Jasso (2019) yields that A is
Schurian-finite if and only if it is 7-tilting finite.

So we can use established results for 7-tilting (in)finite algebras to
determine when algebras are Schurian-(in)finite. In particular, we make
heavy use of the following reduction result.

Proposition

If the Gabriel quiver of a finite-dimensional F-algebra A contains the quiver
of an affine Dynkin diagram with zigzag orientation (i.e. every vertex is a
sink or a source) as a subquiver, then A is Schurian-infinite.
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Schurian-finiteness Reduction

Schurian-finiteness

A result of Demonet, lyama and Jasso (2019) yields that A is
Schurian-finite if and only if it is 7-tilting finite.

So we can use established results for 7-tilting (in)finite algebras to
determine when algebras are Schurian-(in)finite. In particular, we make
heavy use of the following reduction result.

Proposition

If the Gabriel quiver of a finite-dimensional F-algebra A contains the quiver
of an affine Dynkin diagram with zigzag orientation (i.e. every vertex is a
sink or a source) as a subquiver, then A is Schurian-infinite.

We want to determine the Schurian-finiteness of blocks of type A Hecke
algebras, using the above proposition.
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Hecke algebras Definitions

Hecke algebras

The lwahori—Hecke algebra of the symmetric group is the unital,

associative F-algebra /7, with generators T, T»,..., To—1 and relations

(Ti—q)(Ti+1)=0 for all 7,
TiTj =TT, for i —j| > 1,
TiTipaTi=TiaTiTipr  forl1<i<n-—2,

where g € F is a primitive eth root of unity.
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Hecke algebras Definitions

Hecke algebras

The lwahori—Hecke algebra of the symmetric group is the unital,

associative F-algebra /7, with generators T, T»,..., To—1 and relations
(Ti—q)(Ti+1)=0 for all i,
T;T;=T;T; for |i — j| > 1,

TiTipaTi=TiaTiTipr  forl1<i<n-—2,

where g € F is a primitive eth root of unity.
J, is semisimple if e > n.

The Specht modules {S* | A - n} over % are the ordinary irreducible
F,-modules, indexed by partitions A of n.
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Hecke algebras Definitions

Hecke algebras

The lwahori—Hecke algebra of the symmetric group is the unital,

associative F-algebra /7, with generators T, T»,..., To—1 and relations
(Ti—q)(Ti+1)=0 for all i,
T;T;=T;T; for |i — j| > 1,
TiTitiTi=TiaTiTiyn  forl<i<n-—2,

where g € F is a primitive eth root of unity.
J, is semisimple if e > n.

The Specht modules {S* | A - n} over % are the ordinary irreducible
F,-modules, indexed by partitions A of n.

If e < n, the simple modules appear as quotients of the Specht modules:
{D* | A n, Xis e-regular}.
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Blocks
Blocks

Two Specht modules S* and S* (or simple modules D* and D*) are in the
same block of 77, if and only if A and p have the same core.
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Blocks
Blocks

Two Specht modules S* and S* (or simple modules D* and D*) are in the
same block of 77, if and only if A and p have the same core.

Example

Let A = (5,4), p = (3%,2,1), and e = 3.
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Blocks

Two Specht modules S* and S* (or simple modules D* and D*) are in the
same block of 77, if and only if A and p have the same core.

Example

Let A = (5,4), u = (3%,2,1), and e = 3. Then X and  are in the same
block:
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Blocks
Blocks

Two Specht modules S* and S* (or simple modules D* and D*) are in the
same block of 77, if and only if A and p have the same core.

Example

Let A = (5,4), u = (3%,2,1), and e = 3. Then X and  are in the same
block:

N ol - S

The weight of a partition is the number of e-rim hooks that can be
removed before obtaining the core.
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Blocks
Blocks

Two Specht modules S* and S* (or simple modules D* and D*) are in the
same block of 77, if and only if A and p have the same core.

Example

Let A = (5,4), u = (3%,2,1), and e = 3. Then X and  are in the same
block:

N ol - S

The weight of a partition is the number of e-rim hooks that can be

removed before obtaining the core. e.g. w = 3 above, with core the empty
partition.
Liron Speyer (OIST)
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Hecke algebras Decomposition numbers

Graded decomposition numbers

Results of Brundan, Kleshchev, and Wang ~» J7 is isomorphic to a
cyclotomic KLR algebra, and its Specht modules and simple modules may
be graded.
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Hecke algebras Decomposition numbers

Graded decomposition numbers

Results of Brundan, Kleshchev, and Wang ~» J7 is isomorphic to a
cyclotomic KLR algebra, and its Specht modules and simple modules may
be graded.

The graded decomposition number dy"(v) is defined to the graded

composition multiplicity of D* in S*.
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Hecke algebras Decomposition numbers

Graded decomposition numbers

Results of Brundan, Kleshchev, and Wang ~» J7 is isomorphic to a
cyclotomic KLR algebra, and its Specht modules and simple modules may
be graded.

The graded decomposition number dy"(v) is defined to the graded
composition multiplicity of D* in S*. In other words

dyP(v) =[5*: D*], = > [$*: D*(d)]v? € N[v,v'].
dezZ
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Hecke algebras Reduction

Using a result of Shan on Jantzen filtrations and radical filtrations of Weyl
modules for g-Schur algebras, we can deduce the following.
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Hecke algebras Reduction

Using a result of Shan on Jantzen filtrations and radical filtrations of Weyl
modules for g-Schur algebras, we can deduce the following.

Lemma
Suppose that e > 3, p =0, and A, i are e-regular partitions of n.
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Hecke algebras Reduction

Using a result of Shan on Jantzen filtrations and radical filtrations of Weyl
modules for g-Schur algebras, we can deduce the following.

Lemma
Suppose that e > 3, p =0, and A, i are e-regular partitions of n. If the
coefficient of v in d/\ef(v) is nonzero, then

Ext!(D*, D*) = Ext!(D*, D) # 0.
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Hecke algebras Reduction

Using a result of Shan on Jantzen filtrations and radical filtrations of Weyl
modules for g-Schur algebras, we can deduce the following.

Lemma
Suppose that e > 3, p =0, and A, i are e-regular partitions of n. If the
coefficient of v in d)i?(v) is nonzero, then

Ext!(D*, D*) = Ext!(D*, D) # 0.

Combining this with an argument involving idempotent truncation, we're
able to obtain our main tool for showing that a given block of 7 is
Schurian-infinite.
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Key Proposition (Ariki-S.)
Suppose e 23 & p > 0.
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Hecke algebras Reduction

Key Proposition (Ariki-S.)

Suppose e = 3 & p > 0. If the char 0 graded decomposition matrix has
one of the following as a submatrix, and dy (1) = d;’f(l) € {0,1} for all
row labels A, p of the submatrix, then the block is Schurian-infinite.

)

1
v
v

< =

(1)
1 V2

< ©O< +~
<l\)

<

< O
<
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Key Proposition (Ariki-S.)
Suppose e = 3 & p > 0. If the char 0 graded decomposition matrix has

one of the following as a submatrix, and dy (1) = d;’f(l) € {0,1} for all
row labels A, p of the submatrix, then the block is Schurian-infinite.

1
v
v

< =

. (1) ®)

1 v2

< O< =~
N

< O
<

<
<
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Key Proposition (Ariki-S.)
Suppose e > 3 & p > 0. If the char 0 graded decomposition matrix has

one of the following as a submatrix, and dy (1) = dff(l) € {0,1} for all
row labels A, p of the submatrix, then the block is Schurian-infinite.

1
1 v
L1 () y

v v 1 v2

1
- (1)
v v 1

Why these matrices? Take the matrix (1), with rows and columns labelled
by four e-regular partitions A, u, v, w.

1
v
0
v
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Key Proposition (Ariki-S.)
Suppose e > 3 & p > 0. If the char 0 graded decomposition matrix has

one of the following as a submatrix, and dy (1) = dff(l) € {0,1} for all
row labels A, p of the submatrix, then the block is Schurian-infinite.

1 1
- (1) - ®)

1
v
0
v v2 v 1 v v v 1

Why these matrices? Take the matrix (1), with rows and columns labelled
by four e-regular partitions A, u, v,w. Then if p = 0, the previous lemma
gives subquiver

AN —

W
w
which is Agl) ~> the result (in characteristic 0).
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Main results

Main results

(It is known that a block of .77, of weight 0 or 1 is representation-finite
and therefore Schurian-finite.)
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Main results

(It is known that a block of .77, of weight 0 or 1 is representation-finite
and therefore Schurian-finite.)

Theorem (Ariki=S.)

Suppose e > 3, and that B is any block of weight 2 or 3. Then B is
Schurian-infinite in any characteristic.
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Main results

(It is known that a block of .77, of weight 0 or 1 is representation-finite
and therefore Schurian-finite.)

Theorem (Ariki=S.)

Suppose e > 3, and that B is any block of weight 2 or 3. Then B is
Schurian-infinite in any characteristic.

Hidden in this theorem is A LOT of work. Ingredients include
James—Mathas's runner removal, LLT algorithm, a graded analogue of
Scopes equivalences, work on (graded) decomposition numbers and Ext
by Richards, Fayers, Fayers—Tan, analysis of Specht homomorphisms, ...

1
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Main results

(It is known that a block of 7, of weight 0 or 1 is representation-finite
and therefore Schurian-finite.)

Theorem (Ariki=S.)

Suppose e > 3, and that B is any block of weight 2 or 3. Then B is
Schurian-infinite in any characteristic.

Hidden in this theorem is A LOT of work. Ingredients include
James—Mathas's runner removal, LLT algorithm, a graded analogue of
Scopes equivalences, work on (graded) decomposition numbers and Ext
by Richards, Fayers, Fayers—Tan, analysis of Specht homomorphisms, ...

1

Theorem (Ariki=S.)

Suppose e > 3, and that B is the principal block of 7, (i.e. the block
containing the trivial module) with weight > 2. Then B is
Schurian-infinite in any characteristic.
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For now, we focus on principal blocks.
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For now, we focus on principal blocks. We use our key proposition, along
with row removal results and ‘Kleshchev's decomposition numbers'.
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Tools
Tool kit

For now, we focus on principal blocks. We use our key proposition, along
with row removal results and ‘Kleshchev's decomposition numbers'.

Theorem (Chuang—Miyachi—Tan)
Let A= (A1, M\2,...) and p = (p1, pa, - .. ).
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Tools
Tool kit

For now, we focus on principal blocks. We use our key proposition, along
with row removal results and ‘Kleshchev's decomposition numbers'.

Theorem (Chuang—Miyachi—Tan)

Let A= (A1, M\2,...) and pn = (p1, pa,...). If

MAX+ -+ A =p1+ p2+ -+ p, for some r, and we let
)\(0):()\1’)\27”_7)\,,)7 M(O):(Nlauzw"uur)u
>‘(1) = (>‘l’+17)‘f+2a s )7 “(1) = (Mf+1a/1'f+2v s )’
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Tools
Tool kit

For now, we focus on principal blocks. We use our key proposition, along
with row removal results and ‘Kleshchev's decomposition numbers'.

Theorem (Chuang—Miyachi—Tan)

Let A= (A1, M\2,...) and pn = (p1, pa,...). If
AM+Xo+ -+ A =1+ po+ -+ p for some r, and we let

)\(O)Z(AI))\27"‘7)\r)7 /’L(O):(/J’]-?Mz""’ur)’
A(l) = (>\r+17>‘r+2’ - ), ,u(l) = (Hr+la/1'r+2v s )a

70 70 70
then d;u (V) = d/\e(o)u(o)(V)dj(l)u(l)(v)'
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Tools
Tool kit

For now, we focus on principal blocks. We use our key proposition, along
with row removal results and ‘Kleshchev's decomposition numbers'.

Theorem (Chuang—Miyachi—Tan)

Let A= (A1, M\2,...) and pn = (p1, pa,...). If
AM+Xo+ -+ A =1+ po+ -+ p for some r, and we let

)\(O)Z(Al))‘Qv"w)\r)? /’L(O):(/J’]-’Mz""’ur)’
A(l) = (>\r+17>‘r+2’ - ), N(l) = (Hr+la/1'r+2v s )a

70 70 70
then d;u (V) = d/\e(o)u(o)(V)dj(l)u(l)(v)'

Theorem (Donkin)

IFX, 1, O, 1O XD and 1) are as above, then
dy, (1) = 435,00 (D5 0 (1)
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Main results

Kleshchev's decomposition numbers
Fill the nodes (r, c) of a Young diagram [\] with residues ¢ — r (mod e).

Liron Speyer (OIST) Schurian-infinite blocks of Hecke algebras



Kleshchev's decomposition numbers
Fill the nodes (r, ¢) of a Young diagram [A] with residues ¢ — r (mod e).
Theorem (Bowman-S.)

Suppose that A < u are partitions (1 e-regular), that differ by moving a
single node of residue i from row r of i to row r + s of A, and that there

are no addable or removable i-nodes in rows r +1,r+2,...,r+s—1.
Then df;f(v) =v.
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Kleshchev's decomposition numbers
Fill the nodes (r, ¢) of a Young diagram [A] with residues ¢ — r (mod e).
Theorem (Bowman-S.)

Suppose that A <1 . are partitions (u: e-regular), that differ by moving a
single node of residue i from row r of i to row r + s of A, and that there
are no addable or removable i-nodes in rows r +1,r+2,...,r+s—1.
Then d;;f(v) =v.

Example
Let e =3, u=(9,5,3,2), and A\ = (8,5,32). Then

[M12012012\o\1\2\0 [)\12012012\0\1\2
2/0]1]2]0]1 2/0/1]2]0]1
1/2]0]1 1/2]0]1
0[1]2 0[1]2]0
2 2
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Kleshchev's decomposition numbers
Fill the nodes (r, ¢) of a Young diagram [A] with residues ¢ — r (mod e).
Theorem (Bowman-S.)

Suppose that A <1 . are partitions (u: e-regular), that differ by moving a
single node of residue i from row r of i to row r + s of A, and that there
are no addable or removable i-nodes in rows r +1,r+2,...,r+s—1.
Then d;;f(v) =v.

Example
Let e =3, u=(9,5,3,2), and A\ = (8,5,32). Then

[M]:012012\o\112\0 [)\12012012\0\1\2
2/0]1]2]0]1 2/0/1]2]0]1
1/2]0]1 1/2]0]1
0[1]2 0[1/2]0
2 2
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Principal blocks

Principal blocks

We can now prove the following result!
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of .7}, and one of the following
conditions holds.
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of .7}, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of .7}, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
(i) The core is (1), e > 3, and the weight is w > 5.
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Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of .7}, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
(i) The core is (1), e > 3, and the weight is w > 5.
(iii) The core is (2), e > 4, and the weight is w > 5.

Liron Speyer (OIST) Schurian-infinite blocks of Hecke algebras 25th March, 2022 12/16



Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of .7}, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.

(i) The core is (1), e > 3, and the weight is w > 5.
(iii) The core is (2), e > 4, and the weight is w > 5.
(iv) The core is (2), e = 3, and the weight is w > 6.
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of 77, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
(i) The core is (1), e > 3, and the weight is w > 5.
(iii) The core is (2), e > 4, and the weight is w > 5.
(iv) The core is (2), e = 3, and the weight is w > 6.
(v) The coreis (k), for 3 < k < e—1, e > 4, and the weight is w > 3.

—_——
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of 77, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
(i) The core is (1), e > 3, and the weight is w > 5.
(iii) The core is (2), e > 4, and the weight is w > 5.
(iv) The core is (2), e = 3, and the weight is w > 6.

(v) The coreis (k), for 3 < k < e—1, e > 4, and the weight is w > 3.
Then, B is Schurian-infinite.
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Principal blocks Proposition

Principal blocks

We can now prove the following result!

Proposition

Suppose n > 4e, B is the principal block of 77, and one of the following
conditions holds.

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
(i) The core is (1), e > 3, and the weight is w > 5.
(iii) The core is (2), e > 4, and the weight is w > 5.
(iv) The core is (2), e = 3, and the weight is w > 6.

(v) The coreis (k), for 3 < k < e—1, e > 4, and the weight is w > 3.
Then, B is Schurian-infinite.

Let's prove (i) and (ii).
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Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘ A1) 2@ AB) G4
NONEN
A2 1
A3 1
A 1
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘ A1) 2@ AB) G4
NONEN
A2 1
A3 1
A 1

A 5 X2 X\B): move single node down a row
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘ A1) 2@ AB) G4
NONEN
A2 1
A3 1
A 1

AL 5 2@ 2G): move single node down a row ~» decomp. no. v.
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A3 v 1

A9 1

AL 5 2@ 2G): move single node down a row ~» decomp. no. v.
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A3 v 1

A9 1

A 5 2@ AB): move single node down a row ~» decomp. no. v.
Similarly, A(#) «— X(2) 7\,
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A3 |y 1

A4 v v 1

A 5 2@ AB): move single node down a row ~» decomp. no. v.
Similarly, A(#) «— X(2) 7\,
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A3 |y 1

A4 v v 1

A 5 2@ AB): move single node down a row ~» decomp. no. v.
Similarly, A®*) «— A3 XG®) A2 \B) incomparable in dominance order.
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A v o001

A4 v v 1

A 5 2@ AB): move single node down a row ~» decomp. no. v.
Similarly, A®*) «— A3 XG®) A2 \B) incomparable in dominance order.
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Principal blocks L3

Proof

(i) The core is the empty partition &, e > 3, and the weight is w > 4.
Set

A = (w —2)e, €?) A?) = (w—2)e,e,e—1,1)

A®) = (w—-2)e—1,e+1,e) A¥=(w-2)e—1e+1e—1,1).

‘)\(1) A2 AB) &)

NONEN

Ay 1

A v 01

A4 v v 1

A 5 2@ AB): move single node down a row ~» decomp. no. v.
Similarly, A®*) «— A3 X A3 \B) jncomparable in dominance order.
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Principal blocks

|)\(1) A2 2B \@4)

AD 1

Ay

Ay 01

A4 v v 1
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Principal blocks

|)\(1) A2 2B \@4)

A1
A2y 1
A8 v 0 1
A4 v v 1
A = ((w —2)e, €?) A® = ((w—2)e—1,e+1,e—1,1)
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Principal blocks L3

‘)\(1) A2 2B \@4)

AD 1
Ay
A v0
A4 v v 1
A(l) = ((W—2)e, 62) >‘(4) = ((W_2)e_1ve+17e_1’1)

o[ 1] |2[a]o 1] [2]m] o[ 1] |2[alo 1] 2]
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Principal blocks L3

‘)\(1) A2 2B A4

AD 1
Ay
A v0
A4 v v 1
A(l) = ((W—2)e, 62) >‘(4) = ((W_2)e_1ve+17e_1’1)

—1] 0 —3|—2 —1] 0 —3|—2| -1
—2| -1 —4| -3 —2| -1 —4
-3
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Principal blocks L3

‘)\(1) A2 2B A4

AD 1
Ay
A v0
A4 v v 1
A(l) = ((W—2)e, 62) >‘(4) = ((W_2)e_1ve+17e_1’1)

—1] 0 —3|—2 —1] 0 —3|—2| -1
—2| -1 —4| -3 —2| -1 —4
-3
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Principal blocks L3

‘)\(1) A2 2B A4

AD 1
Ay
A v0
A4 v v 1
A(l) = ((W—2)e, 62) >‘(4) = ((W_2)e_1ve+17e_1’1)

—1] 0 —3|—2 —1] 0 —3|—2| -1
—2| -1 —4| -3 —2| -1 —4
14 -3
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Principal blocks L3

‘)\(1) A2 2B A4

NONEE
PG VA |
A v o0 1
2@ |2 v v 1
AL — ((w — 2)e, e2) A4 = ((w—-2e—-1le+1le—1,1)

—1] 0 —3|—2 —1] 0 —3|—2| -1
—2| -1 —4| -3 —2| -1 —4
14 -3
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Principal blocks L3

‘)\(1) A2 2B A4

NONEE
PG VA |
A v o0 1
2@ |2 v v 1
AL — ((w — 2)e, e2) A4 = ((w—-2e—-1le+1le—1,1)

—1] 0 —3|—2 —1] 0 —3|—2| -1
—2| -1 —4| -3 —2| -1 —4
14 -3
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Principal blocks L3

‘)\(1) A2 2B \@4)

NONEE
A2 v
A v 01
A& 2 v v 1
A = ((w —2)e, €?) A = (w—-2)e—1,e+1,e—1,1)
0 1 —2| -1 0‘1‘ ‘—2’—1‘ Vv 0 1 —2|—=1] 0 1‘
4 -3
Then the decomposition matrix is ().
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Principal blocks

(i) The core is (1), e > 3, and the weight is w > 5.
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

>
—
—
—
I

(w=3)e+1, (e4+1)%,1°72) A® = (w—3)e+1,e+1,e,2,1°7%)
AG) = (w—3)e, e42,e+1,1°72) X = ((w=3)e, e+2,¢,2,1°73)
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
AG) = (w=3)e,e+2,e+1,1572)  XH) = (w=3)e, e+2,¢,2,1°73)

‘ A0 2@ AB) G4
NONEEN
A2 1
A3) 1
A4 1
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘ AL 2@ AB) 4
NONEEN
A2 1
A3) 1
A4 1

A A2 XB): move single node down a row
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘ AL 2@ AB) 4
NONEEN
A2 1
A3) 1
A4 1

A A2 XB): move single node down a row ~» decomp. no. v.
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

NORENT

A(2) v 1

A3y 1

A4 1

A A2 XB): move single node down a row ~» decomp. no. v.
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

NORENT

A(2) v 1

A3y 1

A4 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A#) «— X(2) )\,
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

ORI

A2y 1

A3 |y

A4 v v 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A#) «— X(2) )\,
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

ORI

A2y 1

A3 |y 1

A4) v v 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A\#) «— X@) XB) A \GB) incomparable in dominance
order.
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

NORENT

A2) v 1

A v 001

A4 v v 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A\#) «— X@) XB) A \GB) incomparable in dominance
order.
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

NORENT

A2) v 1

A v o0 1

A4 v v 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A\#) «— X&) XG) A \B) incomparable in dominance
order. Final v? entry is also as in case (i).
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Principal blocks L3

(ii) The core is (1), e > 3, and the weight is w > 5.

Set

AD = (w=3)e+1,(e+1)%,1°72) XO = ((w—3)e+1,e+1,e,2,1¢73)
A8 = (w—3)e,e+2,e+1,1°72) A = (w—3)e, e+2,€,2,1°73)

‘/\(1) A2 A\B) A&

NONEN
A(2) v 1
A3y 1

A& 2 v v 1

AD) 5 A2 XB): move single node down a row ~» decomp. no. v.
Similarly, A\#) «— X&) XG) A \B) incomparable in dominance
order. Final v? entry is also as in case (i).
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Principal blocks

N.B. This doesn’t cover all the principal blocks. Filling the gaps requires
working a little harder
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RN S Summary

N.B. This doesn’t cover all the principal blocks. Filling the gaps requires
working a little harder — we must use a combination of techniques,
including some Fock space magic.

Theorem (Ariki=S.)

Suppose e > 3, and that B is the principal block of the Hecke algebra 73,
n > 4e. Then B is Schurian-infinite in any characteristic. (Separate
arguments for weight 2 and 3 blocks = can weaken assumption to

n > 2e.) In particular, if e > 3, then B is Schurian-finite if and only if it is
representation-finite.
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