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Plan, pictures & equations

o Cluster varieties, quiver mutations (><‘ (IM'A'W
U

X1X2X3X4 = (g

@ Integrable systems, discrete flows J./\
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Plan, pictures & equations

@ Deautonomization g # 1, g-difference Painlevé-Hirota equations

1/N

7 (92) 75 (¢7'2) = 7(2)* + 2YN7j 11 (2) -1 (2)

@ Solutions: supersymmetric gauge theories

e SU(N) 5d SUSY gauge theory with coupling z and VEV u
<> \/ - \'ur}vﬁ
° — SU(2) Seiberg-Witten curve,

o 7j(z) — dual Nekrasov function.

M. Berohtedy
@ Perspectives ... P GMrZﬁM‘Lo

M‘ SM‘IaLiV\
I vr‘(o{‘u‘ﬂ‘h
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Integrability

Classical Hamiltonian mechanics (Liouville-Arnold):
° Symplqctpf (M,w), dw =0, M C X Poisson manifold

= Z pc Adgc dw =0 M

J ot
{9¢.pj5 =8y PHeHb =0 T Sy

e Functions in Poisson involution Hy € Fun(X), {H;, H} =0
Me X S Y e
' 4%, )5 & eXic

{Q XL%{ =0 VK

R - >< lj«-iz; —= Covs
W‘M(

o Counting: dimX = B+ 2g

‘o é[:,# iwhj,q[) ‘ffhu%’a\
o
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Cluster integrable system

o Defined by a convex NP A C Z2 C R?: a curve ¥ C C* x C*

e gern )= Y Nulhy=0. 1)

(a,b)eA
Qlk [ FAm

@ Realized on a Poisson X-cluster variety X': Poisson structure
2Area(A)
{xi, %} = eyxixg,  {xi} € (C)

determined by O, with e; = #arrows(i — j). ﬁ @w#”("‘? “'5\“‘5“1

° Integrability: Pick’s formula —\*MV‘
>\ y A2 . v va
/-L'/ dimX = 2Area(A) —1=(B—-3)+ O 3)
£ \ \

>

-
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Cluster varieties

May,@(mc ;g,\’“q,"l‘\‘qu Nams] .

o Quiver Q with |Q| vertices, oriented edges;

— A

X °% J/
@ Forbidden o Xq
° o o

e Variables {x;|i € Q} € (C*)!9!, alternatively {r;|i € Q} € (C*)!¢l. p(
'{KUX-!-B = XI&:"{X&XQ

Cluster Poisson variety: logarithmically constant bracket
{X, X 32025(( 53

xi X} = exixg, 1 j=1,...,]Q)
(no sum!) with skew-symmetric {@02 Xc', %)‘(j} :Clj { X‘H Xj S -0
ej = #arrows (i — j) = —¢;; (5)
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o x=e?, y=eP, then {x,y} = xy with the quiver e—e.
x S¢ (&) /MH

y

I Vo
X.g€ C* (C*) @JQ ot

x

@ Poisson submanifolds (sympfectic leaves) in Lie groups (SL(2) or PGL(2))

Fodt - Goncketoy W\F

o—o= (; ;’L) O _%/> 3 (x( 3>

© =
x axp(e) J

IR i3y 1y@gimalnge

0o




o Mutation class of quiver Q: Xz = ju 2: i’i)
>(i = @_.g

dw'X -4 = 0.% 0 A Xy

defines the bracket y’i = X L N Q/P
{X,',X,'+1} = 2X,'X,'+17 = 17 . 4— A (6)

o Exercise: check Jacobi identity! Z ga, X } C) .yLXJ
@ Remarks: .72
o Poisson submanifold in 5/L(2\)h/AdH 11 j')xo/l’ 3‘

e g = x1xox3xa and z = x1x3 are in the center of Poisson algebra
o straightforward quantization %% = p~29%;% (q and p — two parameters)

%6{) X[j -0 Hbas k) p~¢
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Mutation class

B e

I
Mutations of the graph / \ |
Wi €k = —€p, ifi=jork=j, € ep+ 6ij|€jk| ;ejkleij" otherwise,
. : \ z _
the x-variables (Poisson map) Z_(X']X 9:€'X(K[ é!’ j’\_’ - i
1 J
Wit X s XX <1+xsgn(6”)) i) (@)
j
—_— N
LOM-= MOM -
or the T-variables (symplectic map) XL( /4" /1) /3 /M(
€j] i 6L(- = O
HE IU + HE l U j
Wit T — i>0 <0 5 TI = Ti, I#J (8)

X

! Xa Ky l/; X\(

X3 (1+X2)

%29
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Mutations as Poisson maps

Mutations of our “basic” quiver:
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Mutations as Poisson maps

Mutations of our “basic” quiver:

Mutation p4
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Mutations as Poisson maps

Mutations of our “basic” quiver:

@==3

— 1 1
Mutation p4 Reverse all arrows

cowardted o vestex 4
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Mutations as Poisson maps

Mutations of our “basic” quiver:

D=® D=9

Mutation 11 Reverse all arrows Complete cycles

( /
X\ X3
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Mutations as Poisson maps

Mutations of our “basic” quiver:

O==0) @=2=0)
-
Ig O=®

Mutation 11 Reverse all arrows Complete cycles
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Mutations as Poisson maps

Mutations of our “basic” quiver:

— &3 —

Mutation 11 Reverse all arrows Complete cycles
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Mutations as Poisson maps

Mutations of our “basic” quiver:

— &3 — §

Mutation 11 Reverse all arrows Complete cycles
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Mutations as Poisson maps

Mutations of our “basic” quiver:

~11 -

Mutation 11 Reverse all arrows Complete cycles

/
x| X3
,ﬁ_’_%——r H
X \ x.l 7‘3

A.Marshakov Cluster integrable systems and supersymmetric gauge 1 April 25, 2021 10/28



Mutations as Poisson maps

Mutations of our “basic” quiver:

~11 -

Mutation 11 Reverse all arrows Complete cycles

w1t xy =1/xq, X£:X2/(1+1/X1)27 X£:X4(1+X1)2, X5 =x3

H . / / — 1!
Poisson map: {x/,x;} = €}, x/x|

A particular case of generic (bi-rational) transformations:

€
—1 sgne; \ Y . .
X X x,-Hx,-(lerjg ) R
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Integrable system: GK

"N ! Family of spectral curves
‘ ! =  ee----a > Quiver
L - —

Newton polygon
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Poisson structure

duad saccfacq
2.

_
9#4 8.0
Poisson bracket (dual surface ¥ ~ spectral curve)

{x1, %2} = 2x1x0, {x2, X3} = 2x0x3, {X3, X4} = 2x3%a, {Xxa, X1} = 2xax1

)( )( A—)O{AQF:£X3>‘/"B

Dimer partition function Z(\, i) — tz - Z(tx - A\ t, - 1) = fa(A, 1), with

6
A p) =X+ X putzu P +H=0

1 + X1 + X2
[ = Zz.] =
VX1 X2 X2 X1

q=x0x3xs =1, zZ=x1x3,

X1X2
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Feu 54 (4 ‘Fi)
Cﬁw‘&w Cujveﬁrqj’&\ Qb";yx@w

A

SW Sosy (8 sk

o E R
£z MXape
Casiir 1ﬁ\~vuﬁlw =) ﬁcu«% wﬂy{ma
% T

AU un C,G\Aﬂ(ﬂfu 91\,+C
\V/2%
=

4 SU(2) Joanp glo—p
%(_‘_



Newton polygon
N-4 = # kel point (Panke %‘7

ﬁfo P) * @mmﬁ
SU(N)Q P“’”

b cS bl 4 ij

Newton Polygon (up to SA(2,Z)-tranform) of the curve:

VA

1
()= X’ubfa,b=/\+—+u+@+H=0 9)
(a,b)er A H

@ Renormalizations of A, i and fa fix 3 of coefficients {f, »} in the equation;
o Counting: 2Area(A) —1=(B—-3)+2gworksas2-2—-1=(4-3)+2-1,
@ Toda family

0‘ el Hnes T+
Yd "velehvi ghe. ™ Caneie {"“‘ P 1 ?Q? %( 7
Toda Hap -F"el)
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Integrable system

19¢94= -Alrgey)
Complete integrability: ¢ H T; ?

o Liouville-Arnold theorem: {H;, H;}=0, i,j =1,...,g;

o {H} are (properly normalized!) coefficients of dimer partition function, wh
corresponding to internal points of A. nﬂa{w‘d—m

wtat

° {Fi} are invariant wrt discrete flows Ga C Gg;

Discrete integrability:

@ Ga is generated by sequences of quiver mutations (and permutations of
vertices) or spider moves of the GK bipartite graph.

:H s H, @ (10)

1)<

de- M‘LOV\,D\M:( 24t tom

9o
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Cluster automorphisms

Abelian subgroup Gg D Ga D T (discrete flows):
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Cluster automorphisms

Abelian subgroup Gg D Ga D T (discrete flows):

xo(1+ Xl_l)_2 X3
el Q3=
m@.

1/X1 X4(].—‘y-X1)2
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Cluster automorphisms

Abelian subgroup Gg D Ga D T (discrete flows):

xo(1+ Xl_l)_2 X3
jM 2=2=0)
=

1/X1 X4(].—‘y-X1)2

14+x )2 'o(f

14+x; "
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Cluster automorphisms

Abelian subgroup Gg D Ga D T (discrete flows):

X2(].—|—X1_1)_2 X3
N
-4
ﬂ\@
1/X1 X4(].—‘y-X1)2
Je—— P3
X %)2 1/x3

1er1

==
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Cluster automorphisms

P

Abelian subgroup Gg D Ga D T (discrete flows):

© o x o(l+x1)72 % Q
2= JA
Lk N
X1 X4 1/x1 xa(1+x)?
F>

= 1 ()= (i) 1/x

D=0
T
=20
1%:;)(31)2 1/X3 = x‘/ 1/X1 (1_;:(11)2

D_f < Q,’HOWQ
d Xlt,xg b= 4% %) Homspaeadion
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Discrete flow

[
For g =1 the flow T Xg_/ ‘)g. 7(: X [
I 9

1+ x3 )2 1 <1+X1 )2 -1
T:(x,x0,x3,X) = [ x| —= | ,x{ ,x4| —— ] ,x
(x1, %2, X3, Xa) (2(1+X1_1 L\ Tt 3
or

2 2
T:(x1,%,z,9)— [ x i xtgz,q9] = | x s xtz,q
: 1, y 4y X]_+1 Yy A1 ) g=1 X]_+1 I AL 94y

. . _ 1 X X
preserves the Hamiltonian H = \/x1x; + T + X—; + z, /X—i.

f.

Dfscx(dfﬁ «’{ow P(&WVIA 7%
at
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Deautonomization

Let xixox3x4 = q # 1

2
x1+2z _
T:(X13X2azaq)’_> <X2 (X1—|—1> » X1 17qzaq>

Consider z as “time” x; = x(z), xo = x"1(q71z), T : x(z) = x(qz), satisfying

E— —_—

et - (SE) el
o

or g-Painlevé Ill3 equation P(Agl)’)_ \g

asihis
Jut by g2l =2 %;:;{;A%m@}*
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Painlevé NP

with a single internal point and 3 < B < 9 boundary points: F“: QM ""_f?o
3 4a 4b 4c 5a 5b 6a 6b
kot k2 Ahe Q b
6c 6d Ta 7b 8a 8b 8c 9

PN N GN

Here X: fa(X, 1) = 30, pyea A21°fap = 0 is always a torus g = 1.

© 54 SW SU(2) gas Jp P

@ Exceptions
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Painlevé quivers

lead to the Painlevé quivers (Sakai classification):

W A

A A AW ov

/AN =N\
n o= aoo Ve e D
& IS S0
B e

A

AN




2
For the tau-functions x(z) = z2/2 242 one gets bilinear (non-autonomous!)

. . ()
Hirota equations

To(qz)To(q_lz) = To(z)2 + 21/271(2)2
m1(q2)71(q712) = 71(2)? + 2+ *10(2)?

“Generic phenomenon”: for the SU(N),-Toda family (Y"N:k-geometry)

7 (62)7 (0712) = (2 + 2V (102) 10 (q7H00z)

jE€Z/NZ

Origin: mutation of tau-variables ...
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Autonomous case: for arbitrary A, j=1,...,B 01,-7 i
Ti~ ez+ZnJ (PO T EP:, P —
I'<_j_’/7‘
q # 1: for the (N, k)-theory @'—'—Z)') \ —~
N salz) = Y s Zwa(id’ia T ql2) (11)

—

R REQu_1+w; qi i
with sum over Ay_; root lattice, {w;} are fundamental weights, but
Zyy= 2Nk 2N . z)K are 5d Nekrasov functions.

AN L

SOW)
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Nekrasov functions: 5d SYM

Here:

log u;)? log u;)®
Zé\{’kzexp log z > (log uj) iy >_ (log ui)
= foe < —2loggilogg:  —6logqilog g
"\’ 2S1‘1L0\

10 5 T Too (0 g1, 92)*
z _ »O\Y; g1, q2

Z{\lloop: (ui/uj;ql’q2)007 Zﬁsﬁ N =2

1<i#j<N 5 Hi,j:l Nao a0 (ui/uj: g1, q2)

with

N)\,,U«(u7 Q17q2) = H(l — uq, —au(s)-1 é)‘ H(l _ uqax(s —£,(s)—-1 )

sEA s€u
Ta(u; qth)—u\)\qu(H)\ I=IA1) 2 (IAI=IXD H UQi 1q,£ 7
(F.J)EX
and X = (A®, ... XM (X = S AOL A = AL 4] = S A2

wu's

q“q& 0? A/C)/{((qso\/ r&Jﬁr
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Nekrasov functions: remarks

W 3d
Remarks: gAA F "

@ 5d theory, a =logu, €15 =logqi o, —z ~ ﬁ; SU(N>
o CSterm: S=Sym+kTr [AAFAF,

log u;)? log u;)®
zZNK — exp [ log z 2 (log u;) + k 2 (log ui) (12)
—2log q1 log g2 —6log g1 log g2

QL——QJ Msces
u« \/e ¥

N,k A HN Tao (45 g1, g2)* f’&
Zii=> i (13)

Nk _ -
" T Noo o (i 455 @1, 62)

@ Vector multiplet: a;; = log u;/u;

@ Solution for g1g2 = 1 (Kiev formula), arbitrary g; and g, (refined case or two
parameters g and p ~ e®): quantization of cluster integrable system!
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Prepotential and Nekrasov function

@ SYM 4d/5d: holomorphic prepotential Tj; = ﬁ (action Im [ d*60.F(®)).
@ SW theory: ¥ of genus=rank, with differentials or dS:

4dS ~ holomorphic (14)

or by an integrable system.

o Lattice of charges < H;(X) with symplectic (,),

oOF
= %4,- ds, g Z{Bi ds 92 (15)

consistent by symmetricity of aa aa = T;(a).

Prepotential from Nekrasov function

}'(a): lim 61622(3;61’2) (16)

6172—)0

obtained by instanton calculus (or dual — here g-deformed — CFT).
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SW theory: 5d

\/
Our “initial" curve 5 § { O T
1 z /\

A+ = - = 17
+)\+M+M u (17)
at z — 0 for u = 2cosha, A =2cosh( W,/GDQ})V‘
= = Yot
SLPMEL 0= w
p = 4sinh th (18)

The period "matrix” =

i : T~ ya
Iogsmha % n a+ k) (19)

a- QR

T ~ dlogsinhc_

—a

collects contributions from 5d KK modes from R* x S!.

—
—_—
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Quiver gauge theories and spin chains

(O.N) (M.N)

(0,0) (M,0)

SU(N) M-1

Mipif Mpif
ms Myt
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Poisson quivers and GK graphs

— L W‘Jd‘ rﬂ;fv
c&w m

—& (I S()(M) Z Suls)

wa ot wetter (TSJ%)

@ Toda: 2 x N fundamental domain of square lattice;

o
ANV
o
ANV
®

&

O

@ XXZ-type spin chain: N x M 'fence-net’ domain of the same square lattice.
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@ Cluster integrable system for other D, C, B, ... - series;

@ Solutions: beyond known cases, non-Lagrangian SUSY gauge theories
(S-duality class), no Nekrasov functions (topological strings?);

@ Dualities - “deep study” of GK systems: mutations of dual surface/spectral
curve and Gaiotto transform ...

@ Algebraic aspects: represenations of double—loop% algebras, tetrahedron
equations etc
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