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Plan, pictures & equations

Cluster varieties, quiver mutations

1 4

32

x1x2x3x4 = q

Integrable systems, discrete flows
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Plan, pictures & equations

Deautonomization q 6= 1, q-di↵erence Painlevé-Hirota equations

⌧j (qz) ⌧j
�
q�1z

�
= ⌧j(z)

2 + z1/N⌧j+1 (z) ⌧j�1 (z)

Solutions: supersymmetric gauge theories
SU(N) 5d SUSY gauge theory with coupling z and VEV u

– SU(2) Seiberg-Witten curve,
⌧j (z) – dual Nekrasov function.

Perspectives ...
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Integrability

Classical Hamiltonian mechanics (Liouville-Arnold):

Symplectic (M,$), d$ = 0, M ⇢ X Poisson manifold

Functions in Poisson involution Hk 2 Fun(X ), {Hi ,Hk} = 0

Counting: dimX = B̃ + 2g
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Cluster integrable system

Defined by a convex NP � ⇢ Z2 ⇢ R2: a curve ⌃ ⇢ C⇥ ⇥ C⇥

f�(�, µ) =
X

(a,b)2�

�aµbfa,b = 0. (1)

Realized on a Poisson X-cluster variety X : Poisson structure

{xi , xj} = ✏ijxixj , {xi} 2
�
C⇥�2Area(�)

. (2)

determined by Q, with ✏ij = #arrows(i ! j).

Integrability: Pick’s formula

dimX = 2Area(�)� 1 = (B � 3) + 2g (3)
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Cluster varieties

Quiver Q with |Q| vertices, oriented edges;

Forbidden

Variables {xi |i 2 Q} 2 (C⇤)|Q|, alternatively {⌧i |i 2 Q} 2 (C⇤)|Q|.

Cluster Poisson variety: logarithmically constant bracket

{xi , xj} = ✏ijxixj , i , j = 1, . . . , |Q| (4)

(no sum!) with skew-symmetric

✏ij = #arrows (i ! j) = �✏ji (5)
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Examples

x = eQ , y = eP , then {x , y} = xy with the quiver �
x
!�

y
.

Poisson submanifolds (symplectic leaves) in Lie groups (SL(2) or PGL(2))

�
x
!�

y
=
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Examples

Mutation class of quiver Q:

1 4

32

defines the bracket

{xi , xi+1} = 2xixi+1, i = 1, . . . , 4 (6)

Exercise: check Jacobi identity!

Remarks:

Poisson submanifold in \SL(2)
\
/AdH

q = x1x2x3x4 and z = x1x3 are in the center of Poisson algebra.
straightforward quantization x̂i x̂j = p

�2✏ij x̂j x̂i (q and p – two parameters).
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Mutation class

Mutations of the graph

µj : ✏ik 7! �✏ik , if i = j or k = j , ✏ik 7! ✏ik +
✏ij |✏jk |+ ✏jk |✏ij |

2
otherwise,

the x-variables (Poisson map)

µj : xj !
1

xj
, xi ! xi

⇣
1 + x

sgn(✏ij )
j

⌘✏ij
, i 6= j (7)

or the ⌧ -variables (symplectic map)

µj : ⌧j 7!
Q

✏ij>0 ⌧
✏ij
i +

Q
✏ij<0 ⌧

�✏ij
i

⌧j
, ⌧i 7! ⌧i , i 6= j (8)
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Mutations as Poisson maps

Mutations of our “basic” quiver:

1

1

4

32

Mutation µ1

1

1

4

32

Reverse all arrows

1

1

4

32

Complete cycles

µ1 : x 01 = 1/x1, x 02 = x2/ (1 + 1/x1)
2 , x 04 = x4 (1 + x1)

2 , x 03 = x3

Poisson map: {x 0i , x 0k} = ✏0ikx
0
i x

0
k

A particular case of generic (bi-rational) transformations:

µj : xj 7! x�1
j , xi 7! xi

⇣
1 + x

sgn✏ij
j

⌘✏ij
, i 6= j
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Integrable system: GK

Bipartite graph on torus

Family of spectral curves
=

Newton polygon
Quiver

P
ar
ti
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on

fu
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m
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1 4

32

1 4

32
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Poisson structure

1 4

32

1 4

32

Poisson bracket (dual surface ⌃ ' spectral curve)

{x1, x2} = 2x1x2, {x2, x3} = 2x2x3, {x3, x4} = 2x3x4, {x4, x1} = 2x4x1

Dimer partition function Z(�, µ) 7! tZ · Z(t� · �, tµ · µ) = f�(�, µ), with

f�(�, µ) = �+ ��1 + µ+ zµ�1 + H = 0

q = x1x2x3x4 = 1, z = x1x3, H =
p
x1x2 +

1
p
x1x2

+

r
x1
x2

+ z

r
x2
x1
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Newton polygon

Newton Polygon (up to SA(2,Z)-tranform) of the curve:

f�(�, µ) =
X

(a,b)2�

�aµbfa,b = �+
1

�
+ µ+

z

µ
+ H = 0 (9)

Renormalizations of �, µ and f� fix 3 of coe�cients {fa,b} in the equation;

Counting: 2Area(�)� 1 = (B � 3) + 2g works as 2 · 2� 1 = (4� 3) + 2 · 1;
Toda family
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Integrable system

Complete integrability:

Liouville-Arnold theorem: {Hi ,Hj}=0, i , j = 1, . . . , g ;

{ ~H} are (properly normalized!) coe�cients of dimer partition function,
corresponding to internal points of �.

Discrete integrability:

{ ~H} are invariant wrt discrete flows G� ⇢ GQ;

G� is generated by sequences of quiver mutations (and permutations of
vertices) or spider moves of the GK bipartite graph.

T : H 7! H, T 2 G� (10)
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Cluster automorphisms

Abelian subgroup GQ � G� � T (discrete flows):

1 4

32

x1 x4

x2 x3

1 4

32

1/x1 x4(1 + x1)2

x2(1 + x�1
1 )�2 x3

1 4

32

1/x1 x4(
1+x1
1+x�1

3

)2

x2(
1+x3
1+x�1

1

)2 1/x3

1 4

32

x2(
1+x3
1+x�1

1

)2 1/x3

1/x1 x4(
1+x1
1+x�1

3

)2
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Discrete flow

For q = 1 the flow T

T : (x1, x2, x3, x4) 7!
 
x2

✓
1 + x3
1 + x�1

1

◆2

, x�1
1 , x4

✓
1 + x1
1 + x�1

3

◆2

, x�1
3

!

or

T : (x1, x2, z , q) 7!
 
x2

✓
x1 + z

x1 + 1

◆2

, x�1
1 , qz , q

!
=
q=1

 
x2

✓
x1 + z

x1 + 1

◆2

, x�1
1 , z , q

!

preserves the Hamiltonian H =
p
x1x2 +

1p
x1x2

+
q

x1
x2

+ z
q

x2
x1
.
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Deautonomization

Let x1x2x3x4 = q 6= 1

T : (x1, x2, z , q) 7!
 
x2

✓
x1 + z

x1 + 1

◆2

, x�1
1 , qz , q

!

Consider z as “time” x1 = x(z), x2 = x�1(q�1z), T : x(z) 7! x(qz), satisfying

x(qz)x(q�1z) =

✓
x(z) + z

x(z) + 1

◆2

or q-Painlevé III3 equation P(A(1)0

7 ).
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Painlevé NP

with a single internal point and 3  B  9 boundary points:

3 4a 4b 4c 5a 5b 6a 6b

6c 6d 7a 7b 8a 8b 8c 9

Here ⌃: f�(�, µ) =
P

(a,b)2� �aµbfa,b = 0 is always a torus g = 1.

5d SW SU(2)

Exceptions
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Painlevé quivers

lead to the Painlevé quivers (Sakai classification):

A(1)
8 A(1)0

7 A(1)
7 A(1)

6 A(1)
5

3 2

1
1 2

34

1 2

34

1

2

34

5

1 2

3

45

6

A(1)
4 A(1)

3 A(1)
2

1

2

3

4

5

6

7

1

2

3

4

5

6

7

8

1
2

3

4
5

6

7

8

9
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Tau-functions

For the tau-functions x(z) = z1/2 ⌧1(z)
2

⌧0(z)2
one gets bilinear (non-autonomous!)

Hirota equations

⌧0(qz)⌧0(q
�1z) = ⌧0(z)

2 + z1/2⌧1(z)
2

⌧1(qz)⌧1(q
�1z) = ⌧1(z)

2 + z1/2⌧0(z)
2

“Generic phenomenon”: for the SU(N)k -Toda family (Y N,k -geometry)

⌧j (qz) ⌧j
�
q�1z

�
= ⌧j(z)

2 + z1/N⌧j+1

⇣
qk/Nz

⌘
⌧j�1

⇣
q�k/Nz

⌘

j 2 Z/NZ

Origin: mutation of tau-variables ...
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Solutions

Autonomous case: for arbitrary �, j = 1, . . . ,B

T~n ⇠ ⇥(Z +
X

j

njA(Pj))
Y

i<j

E (Pi ,Pj)
ni nj

q 6= 1: for the (N, k)-theory

⌧N,k
j (~u,~s; q|z) =

X

~⇤2QN�1+!j

s⇤ZN,k(~uq
~⇤; q�1, q|z) (11)

with sum over AN�1 root lattice, {!j} are fundamental weights, but

ZN,k = ZN,k
cl · ZN

1loop · ZN,k
inst are 5d Nekrasov functions.
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Nekrasov functions: 5d SYM

Here:

ZN,k
cl = exp

 
log z

P
(log ui )

2

�2 log q1 log q2
+ k

P
(log ui )

3

�6 log q1 log q2

!

ZN
1loop =

Y

1i 6=jN

(ui/uj ; q1, q2)1, ZN,k
inst =

X

~�

z |
~�|QN

i=1 T�(i)(u; q1, q2)kQN
i,j=1 N�(i),�(j)(ui/uj ; q1, q2)

with

N�,µ(u, q1, q2) =
Y

s2�

(1� uq
�aµ(s)�1
2 q`�(s)1 )

Y

s2µ

(1� uqa�(s)2 q
�`µ(s)�1
1 )

T�(u; q1, q2) = u|�|q
1
2 (k�

tk�|�t |)
1 q

1
2 (k�k�|�|)
2 =

Y

(i,j)2�

uqi�1
1 qj�1

2 ,

and ~� = (�(1), . . . ,�(N)), |~�| =
P

|�(i)|, |�| =
P

�j , k�k =
P

�2
j .
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Nekrasov functions: remarks

Remarks:

5d theory, a = log u, ✏1,2 = log q1,2, �z ⇠ 1
g2
YM

;

CS term: S = SYM + kTr
R
A ^ F ^ F , |k |  N

ZN,k
cl = exp

 
log z

P
(log ui )

2

�2 log q1 log q2
+ k

P
(log ui )

3

�6 log q1 log q2

!
(12)

Vector multiplet: aij = log ui/uj

ZN,k
inst =

X

~�

z |
~�|QN

i=1 T�(i)(u; q1, q2)kQN
i,j=1 N�(i),�(j)(ui/uj ; q1, q2)

(13)

Solution for q1q2 = 1 (Kiev formula), arbitrary q1 and q2 (refined case or two
parameters q and p ⇠ e~): quantization of cluster integrable system!
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Prepotential and Nekrasov function

SYM 4d/5d: holomorphic prepotential Tij =
@2F
@ai@aj

(action Im
R
d4✓F(�)).

SW theory: ⌃ of genus=rank, with di↵erentials or dS :

�dS ' holomorphic (14)

or by an integrable system.

Lattice of charges , H1(⌃) with symplectic h, i,

ai =

I

Ai

dS , aDi =

I

Bi

dS =
@F
@ai

(15)

consistent by symmetricity of @2F
@ai@aj

= Tij(a).

Prepotential from Nekrasov function

F(a) = lim
✏1,2!0

✏1✏2Z (a; ✏1,2) (16)

obtained by instanton calculus (or dual – here q-deformed – CFT).
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SW theory: 5d

Our “initial” curve

�+
1

�
+ µ+

z

µ
= u (17)

at z ! 0 for u = 2 cosh a, � = 2 cosh ⇣

µ = 4 sinh
⇣ � a

2
sinh

⇣ + a

2
(18)

The period “matrix” = complexified coupling T ⇠ #
2⇡ + i 4⇡2

g2
YM

T ⇠
Z a

�a
d log sinh

⇣ � a

2
⇠ log sinh a (19)

collects contributions from 5d KK modes from R4 ⇥ S1.

A.Marshakov Cluster integrable systems and supersymmetric gauge theories April 25, 2021 25 / 28

* ТА
= а-- ЦКБ

"

4d : Т- вода

-

= вд П (а+ п )
а→
ай

= R



Quiver gauge theories and spin chains

(0,0) (M,0)

(0,N) (M,N)

maf

SU(N)M�1SU(N)i+1

mbif

SU(N)i

mbif

SU(N)i�1SU(N)1

mf
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Poisson quivers and GK graphs

Toda: 2⇥ N fundamental domain of square lattice;

XXZ-type spin chain: N ⇥M ’fence-net’ domain of the same square lattice.
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Perspectives

Cluster integrable system for other D,C ,B , . . . - series;

Solutions: beyond known cases, non-Lagrangian SUSY gauge theories
(S-duality class), no Nekrasov functions (topological strings?);

Dualities - “deep study” of GK systems: mutations of dual surface/spectral
curve and Gaiotto transform ...

Algebraic aspects: represenations of double-loopm algebras, tetrahedron
equations etc
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