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Pressure-driven occlusive flow of a confined
red blood cell†

Thierry Savin,‡a M. M. Bandi§a and L. Mahadevan*ab

When red blood cells (RBCs) move through narrow capillaries in the microcirculation, they deform as

they flow. In pathophysiological processes such as sickle cell disease and malaria, RBC motion and flow

are severely restricted. To understand this threshold of occlusion, we use a combination of experiment

and theory to study the motion of a single swollen RBC through a narrow glass capillary of varying inner

diameter. By tracking the movement of the squeezed cell as it is driven by a controlled pressure drop,

we measure the RBC velocity as a function of the pressure gradient as well as the local capillary

diameter, and find that the effective blood viscosity in this regime increases with both decreasing RBC

velocity and tube radius by following a power-law that depends upon the length of the confined cell.

Our observations are consistent with a simple elasto-hydrodynamic model and highlight the role of

lateral confinement in the occluded pressure-driven slow flow of soft confined objects.

I. Introduction

The microcirculatory network of blood vessels in the body
primarily serves as the conduit for the exchange of gases
between blood and tissues, through the red blood cells (RBCs).1

It is composed of arterioles, capillaries and venules whose
diameters range from about 3 mm to about 200 mm. Many studies
on the associated confined flow of blood have been performed
in vivo2,3 and in vitro.4–6 The measurements particularly focus on
the apparent viscosity ma of blood at these microscopic scales,7

with dependence on the inner diameter of the tube 2r, the tube
hematocrit HT, mechanical properties of the cells, and the
mean flow velocity %v of the surrounding plasma. For healthy
blood, ma progressively diminishes with decreasing tube size
(the Fåhræus–Lindqvist effect) until 2r = 7 mm, below which it
increases sharply.7 To understand this non-linear rheology,
blood must be modelled as a suspension of soft objects rather
than a homogeneous fluid. Hence, non-uniform concentration
of cells across the tube section in the microcirculating blood
explains the changes of ma in capillaries wider than 7 mm.
Around this value, corresponding to the size of a RBC, the flow
is strongly conditioned by the shape and deformability of the

individual cell,1,8 which can be seen adopting various morpho-
logies: discocyte, slipper, parachute. . .4,6,9–11 The geometrical
and mechanical properties of individual RBCs have been exten-
sively studied under various experimental conditions,12–14 and
the loss of RBC deformability can notably lead to vaso-occlusion
in the microcirculation,15 and is indeed believed to be a cause
for pathological conditions arising in sickle cell anemia16 and
severe malaria.17,18

When the RBC diameter (2a E 7 mm) exceeds the inner
diameter 2r of the smallest vessels (4 r 2r r 8 mm), like the
case that is the focus of the present study, the RBCs must
deform to fit into the lumen, and travel in file through
capillaries. For a typical tube hematocrit HT A [20%,40%] found
in the microcirculation,2 cell–cell hydrodynamic interactions
may be neglected and the apparent viscosity scales linearly with
the number of cells flowing aligned in the capillary segment.19

Following the arguments of Secomb et al.,9 we may then express
ma as a linear function of the tube hematocrit HT, ma = m(1 + KTHT),
where m is the plasma viscosity. Here KT is called the apparent
intrinsic viscosity, determined at the level of a single cell in the
tube, and its assessment suffices to describe the capillary rheology
of blood. The apparent viscosity ma is, by definition, the effective
viscosity of a Newtonian fluid that flows in the capillary with the
same velocity under the same imposed pressure gradient. Large
values of ma indicate occlusive flow and correspond to high KT. At
a single cell level, this definition translates into a local version of

Poiseuille’s law, KT �
1

m
dr2

�v‘
, for a longitudinal driving pressure

drop d across a moving cell of length ‘ (see Fig. 1A).20

Previous experiments have shown that KT increases with the
decrease in both blood velocity and capillary inner diameter.19
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The explanation for this follows by considering a single cell,
where the dynamics of the surrounding plasma are dominated
by viscous forces (Reynolds number Re o 10�3), and a lubrication-
like formalism21 describes its flow in the narrow, almost-parallel
gap between the RBC and the tube wall. KT can then be estimated
by assuming that the cell, flowing at a velocity u, adopts a shape of
radius a = r � h, where h is the characteristic small clearance
between the cell and the capillary wall. The longitudinal driving
pressure drop across the cell d leads to a resultant force dr2 which

is balanced by the viscous force
mur‘
h

on the capillary wall (see

Fig. 1A). When combined with fluid continuity in the gap,

expressed as rh%v B r2
%v � a2u or equivalently

�v

u
� 1� h

r
, we find

In the limit of a rigid cell, KT will thus increase sharply when r - a
(i.e., h - 0).

Realistically, below a critical radius rc, confinement may
impose areal stretching, or significant bulk deformations in an
impaired cell, and the tension in the membrane, or other
elastic response, couples to the flow to make KT also dependent
on %v. To date, experimental and theoretical studies on single
RBC motion have reported a ten-fold increase in KT, thus
showing only a moderate role for RBC deformability relative
to the driving pressure gradient. As confinement increases, the
range of low velocity and/or the stiffening of the cell poses a
challenge to both experiment and theory/computations1 as KT

increases even more. This previously unstudied regime, where a
single RBC can significantly obstruct the flow, is the subject of
the present article.

To understand this pressure-driven occlusive flow of RBCs
confined to a capillary when 2r r 7 mm, here we describe an
in vitro experimental study of the motion of a single deformed
RBC and the suspending plasma flow that isolates the essential
physical parameters controlling this process. We complement
this with an elasto-hydrodynamic model that provides a minimal
description of the phenomena.

II. Materials and methods
A. Flow device fabrication

To observe the pressure-driven motion of a single RBC, we
custom-designed a novel flow device, shown in Fig. 1A, consist-
ing of a tapered cylindrical capillary with an inner diameter 2 r
2r(z) r 580 mm varying with the axial position z (see Fig. 1A).
Cylindrical borosilicate capillaries (1B100-6, World Precision
Instruments, Sarasota FL, USA) were first pulled using a pipette
puller (P-97, Sutter Instrument, Novato CA, USA) with pulling
and heating parameters that resulted in a capillary with a
centimeter long tapered tip. This tapered capillary was further
micro-forged to a desired minimum diameter of 2 mm.

The inner wall of the tapered borosilicate capillary was
chemically treated to inhibit the adhesion of RBCs to the capillary
wall during flow. The first stage in this treatment involved
rendering the capillary inner walls hydrophobic through
silanization. The wide-end of the capillary was connected to
a syringe with stub needle using vinyl tubing and the syringe
was drawn back to suck air in from the tapered tip. The tapered
tip of the pipette was dipped in 5% dimethyldichlorosilane
in hexane solution (silanization solution I, Sigma-Aldrich,
St. Louis MO, USA) that was sucked into the capillary. The
capillary was then allowed to dry for two minutes before being
placed in an oven for overnight incubation at 100 1C. The
incubation allowed the fixation of the silane coating to the
capillary walls. Following incubation, the pipette was inserted
through a hole drilled in the side wall of a Petri dish (60� 15 mm,
Becton Dickinson, Franklin Lakes NJ, USA) and sealed with fast
acting epoxy. The Petri dish serves as the receiving discharge

Fig. 1 (A) Schematic of the experimental flow device: a tapered cylindrical
capillary (wide-end inner diameter 0.58 mm, tapered tip inner diameter 2 mm)
was chemically treated with a tri-block surfactant to inhibit RBC adhesion to
its inner wall. The capillary was inserted through a hole into a Petri-dish side
and sealed (see 3D view of the bottom-right inset). The Petri dish was filled
with 0.5� PBS. RBCs suspended in 0.5� PBS solution were introduced into
the capillary. The flow of the RBC was controlled via a hydrostatic head
whose height was adjusted with a motorized linear translation stage. It
produced a driving pressure whose qualitative profile in the capillary is also
sketched here. The top-right inset shows the flow geometric parameters (see
Table 1 in the Appendix) around the RBC. (B) Inner diameter measurements of
the capillary (red points) as determined through image analysis of bright field
micrographs, acquired at various planes of focus, as compared to the
diameters measured from scanning electron microscopy (blue lines).
(C) Scanning electron micrograph for the tapered tip of the pulled capillary.

KT �
r

h
: (1)
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reservoir as shown in Fig. 1A. The pipette was then immersed in
a 0.5% surfactant Pluronic F-127 solution in 0.5� phosphate
buffered saline (PBS) solution (PBS Cellgro, Mediatech, Manassas
VA, USA). This triblock surfactant was adsorbed onto the hydro-
phobic silanized glass surface to create a nanometer-thick layer
that inhibited biological adhesion.22 In order to ensure that silane
fixation to capillary walls had occurred satisfactorily, the meniscus
of the surfactant–PBS solution was monitored under a microscope
as it was drawn into the capillary under suction. Loose fixation of
the silane coating resulted in one of the two possibilities. Either
the meniscus of the surfactant–PBS solution was not flat thus
implying the absence of a hydrophobic coating, or one observed
fluctuations in the meniscus as the surfactant–PBS solution was
carefully drawn up the tapered section, thereby implying spatially
inhomogeneous fixation of silane to inner capillary walls. Devices
that exhibited either feature were rendered defective, and were not
used in the experiment.

The tapered glass capillary offers the ability to probe RBC
confinement behavior continuously over a range of confinement
radii, and the physiological similarity to the cylindrical geometry
of real capillaries (in contrast to the rectangular channels in soft
lithography) with smooth walls. Although glass capillaries are
not deformable, by adjusting the distension of the RBC, we
tuned the relative confinement and deformability to operate in a
regime where the cell almost completely occludes flow.

B. Inner diameter measurements

Devices that passed both the chemical treatment stages of
silanization and surfactant coating were then thoroughly
washed with Pluronic-free PBS solution flow in the capillary,
and mounted on an inverted microscope (Zeiss Axiovert 200,
Jena, Germany). When filled with liquid only, the inner dia-
meter of the capillary could be measured from bright field
micrographs. The microscope was set to Köhler illumination in
order to maximize the contrast of the inner wall, and micro-
graphs of lateral views of the capillary were acquired at an
on-screen magnification of 54 nm per pixel. The inner diameter
measurements were obtained from image analysis algorithms
developed in-house that extract the brightness weighted sub-
pixel locations of the two central illumination peaks which
correspond to the inner walls of the glass tube.23 Understand-
ing the light-transmission imaging of a hollow glass tube is a
challenging ray-tracing problem. Notably, the obtained micro-
graph depends strongly on the position of the microscope’s
plane of focus relative to the capillary. In Fig. 1B, we show the
variation of the brightness profile (horizontal grayscale lines)
produced by the light transmitting through the glass tube, at its
tip, for various levels of focus. In red are the locations of the
brightness dark peaks, as extracted by our algorithm at each
plane of focus. In blue are the true inner and outer diameters,
as measured from the scanning electron microscopy image of
the same capillary tip and shown in Fig. 1C. We thus observe
that there is a plane of focus, where the tube’s outer walls
produce noticeably darker bands, and where the algorithm
extracts an unbiased measure of the inner diameter. We also
find that our image analysis algorithms could measure the inner

tube radius to within 1/2 pixel, that is about 25 nm. The inner
radius was extracted at regular intervals along the tapered
section to measure the variation r(z) of the tube radius with
the position z in the tapered tip. By construction, the pipette has
smooth inner walls, and we find that r(z) can be very effectively
fitted to an exponential function over a tapered length of about
3 mm,24 thus including more than 20 experimental points (see blue
squares in Fig. 2A). Using this function to describe the true, smooth
shape of the capillary allows us to improve the spatial resolution on
r(z) measurement, reducing it by 50%, to about 10 nm.

C. Loading the flow device with RBCs

A blood sample obtained from a healthy donor was diluted
to 1.5% hematocrit, washed three times in 0.5� PBS solution,
then immediately injected into the capillary, and further
allowed to settle towards the tapered end via sedimentation.
The flow device was then connected to a hydrostatic reservoir
(also containing 0.5� PBS solution) mounted on a vertical
linear translation stage for height control. When a single RBC
reached the desired confinement, the reservoir was set to a
defined height H above the discharge level, thus imposing
a driving pressure head D = rbgH (rb = 103 kg m�3 is the density
of the PBS solution and g is the gravity). We verified that
controlled hydrostatic pressure head as low as 1 Pa could be
applied (i.e. H B 100 mm).

The flow device was mounted back on the inverted micro-
scope, to which a camera (PixeLINK, Ottawa, Canada) was
attached to acquire movies of the cell motion at various frame
rates. The movies were then analyzed using a custom tracking
algorithm to extract the positions of the RBC in the tube with
a resolution of 0.05 mm. We note that to be visible through
the curved glass, the wall-cell gap h must be greater than
about 300 nm.

III. Results

Before being injected into the flow device, the cells are pre-
swollen in a hypotonic buffer and their new volume Os can be

estimated using Ponder’s relation14,25 Os ¼ Op 1þ Rw
1� c

c

� �
.

Here Op = 90 � 10 mm3 is the physiological volume of a cell,14

c ¼ C

Cp
is the relative osmolarity (or ‘‘tonicity’’) of the solvent

(C and Cp = 0.3 mol L�1 being the buffer and physiological
osmolarity, respectively), and Rw = 0.57 is the empirical volume
fraction of so-called ‘‘active’’ water in the cell.14

Red cells have an unstretched membrane area Sp = 135 �
10 mm2 under physiological conditions.14 They become spherical
for a buffer tonicity c E 0.47, an onset value obtained by

substituting Os ¼
4p
3

Sp

4p

� �3=2

(volume of a sphere with surface

area Sp) into Ponder’s equation. For c o 0.47, the membrane is
stretched, hence subject to tension, to allow further swelling.
The Laplace pressure can then alter the osmotic balance to
produce a slight departure from Ponder’s relation, which thus
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needs to be corrected accordingly as explained later. The
experiments are performed with c slighty above 0.47, so that
an unconfined preswollen RBC is only moderately inflated

( yet spheroidal in shape) with a volume Os o
4p
3

Sp

4p

� �3=2

and

a relaxed, tension-free membrane of area Sp. Such a preswollen
spheroidal unconfined cell has a mean diameter of B6 mm and
can be seen in the inset 1 of Fig. 2A. The other numbered
micrographs on Fig. 2A show the characteristic shapes of the
cell at various confinement levels. For a tube with inner
diameter 2r o 6 mm, the cell adopts a sphero-cylindrical shape
(i.e. a cylinder capped by hemispheres). The rightmost image
(micrograph 7), showing the low-contrast, gel-like cytoplasmic
content of the cell, is described in Section IIIC.

In the first set of experiments, we followed the motion of
isolated RBCs under constant pressure head D Z 50 Pa, and
calculated their velocity u(z) from their trajectory at various
locations z in the tube; an example is shown in Fig. 2A and
Movie S1 (ESI†). The range of velocities considered here is
typical for blood flows in the capillaries of the human micro-
circulation.26,27 It is then useful to compare u with the mean
Poiseuille velocity of a blood-free, purely viscous PBS solution
flowing in the same tapered tube and under the same pressure
head. We call this blood-free plasma velocity %v+ (v ‘‘empty’’)
and it is calculated (see the Appendix) as

�v+ðzÞ ¼
gðzÞrðzÞD

8m
; (2)

Fig. 2 (A) The three regimes of RBC flow in a capillary: (I) the RBC behaves as a tracer of the Poiseuille flow; (II) the confined RBC stretches into a sphero-
cylindroid shape with a significantly lower velocity and almost stops; and (III) RBC lyses when the cell spills its cytoplasmic content which flow with a
Poiseuille profile (see also Movie S1, ESI†). The circles (red) plot the RBC velocity in the three regimes, with the solid line (black) representing Poiseuille
flow. The squares (blue) plot capillary radius vs. position in the tube, and the dotted line (blue) is an exponential fit. The numbered insets show the RBC
confined at the corresponding locations in the tube (scale bar: 5 mm). (B) The tension in the membrane as a function of the confinement radius, for
various values of osmolarity, as calculated using eqn (3) (red lines). The blue line is for c = 0.55, as observed in the experiments (see Section IV). The
3 regimes encountered in our experiments are indicated along the curve. After lysis, the tension vanishes in the ruptured membrane. (C) RBC velocity u,
normalized by Poiseuille flow velocity %v+ in the same but cell-free tube vs. confinement radius for various pressure heads D. (D) Video micrograph
snapshots of the sphero-cylindroid shaped RBC before (bottom half) and after (top half) the lysis (time 0) showing the cell’s retraction from the back (see
also Movie S2, ESI†).
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where gðzÞ ¼ rðzÞ3
Ð
tuberðzÞ�4dz

� ��1
is the effective tube aspect

ratio (g ¼ r

L
for a straight cylinder of radius r and length L). We

can evaluate %v+(z) from knowing D, m = 8.9 � 10�4 Pa s and the
measurements of r(z).

Comparing u(z) (red circles in Fig. 2A) with %v+(z) (black line
in Fig. 2A) allows us to isolate three regimes in the dynamics of
a single cell.

A. Regime I: cell as a passive flow tracer

In the first regime when r(z) 4 rc (for z o �600 mm in Fig. 2A),
we observe that u(z) is comparable to %v+(z) and the cell acts as a
flow tracer, without significantly modifying the Poiseuille
regime for the viscous plasma. For low confinement (r(z) 4
3 mm, i.e. z o �1400 mm), %v+(z) o u(z) o 2%v+(z), and the cell
follows streamlines at the center of the tube, with a visible gap
between the cell and tube walls (see inset micrographs 1 and 2
in Fig. 2A). At slightly higher confinement (for �1300 o z o
�600 mm), u(z) B %v+(z), and the cell also follows the mean
Poiseuille flow without causing resistance even though the
clearance between the cell membrane and the tube walls is
undetectable (see insets 4 and 5 in Fig. 2A).

Although it is difficult to measure the gap h directly, we can
estimate a lower bound for h above which the flow remains
unperturbed by the cell. To do so, we first note that the pressure
drop created across the cell d(z) is linked to the pressure head

via the relation
dðzÞ
D
þ �vðzÞ

�v+ðzÞ
¼ 1 (eqn (A.2) in the Appendix).

Here %v(z) is the average velocity of the plasma surrounding the
cell, and %v+(z) has been defined earlier by eqn (2) as the mean
Poiseuille velocity of the plasma in the cell-free tube. Hence the

cell is a non-invasive tracer, i.e. u B %v B %v+, as long as
d
D
� �v

v+
.

The latter inequality can equivalently be written as the geo-

metric criterion h� g‘
4

after substituting �v+ ¼
grD
8m

(eqn (2)) and

the relation d ¼ 2m�v‘

rh
derived for a flowing sphero-cylindrical

object of length ‘ (eqn (A.19) in the Appendix; in the regime
described here, the cell can accommodate the confined flow
without stretching its membrane). From the measurement of
r(z) (Fig. 2A), we typically extract g E 10�2 at a diameter 2r E

5 mm where ‘E 4 mm. We thus obtain
g‘
4
� 10 nm for the lower

bound of h above which the tracer regime is still observed. Note
that this value is remarkably low compared to the tube radius. In
the range 10 { h o 300 nm, the cell will not significantly disturb
the plasma flow even if there is no visible clearance between the
RBC and the capillary inner walls. This finding is indeed con-
sistent with our observations of inset micrographs 4 and 5 in
Fig. 2A, but also with the values of h reported later in the text for
the occlusive regime (Fig. 3A).

B. Regime II: flow occlusion by a soft confined cell

As the cell moves further towards smaller tube radii, it exhibits a
different dynamic regime and slows down significantly. The increase

in the membrane area of the cell due to confinement in the capillary
tube leads to an isotropic uniform tension t0 in the membrane that
stiffens the cell and resists the flow, when the radius falls below
r = rc. At this point, the cell adopts a sphero-cylindrical shape of
volume Os, radius rc, and area Sp that are related by the

geometry via Sp ¼
2Os

rc
þ 4prc2

3
. This relation can be used to

solve for rc as a function of Os, hence as a function of c. For
radius r o rc, the membrane must stretch to an area S 4 Sp

and a tension t0 ¼ K
S� Sp

Sp
arises, with K = 450 mN m�1 being

the elastic area stiffness of the RBC membrane.28–30 Concur-
rently the volume of the cell decreases to O o Os, because the

osmotic pressure balance is offset by the Laplace term
2t0

r
produced by the tense membrane.31 Under the assumptions
of Evans and Waugh,31 one may evaluate the corrected volume

O ¼ Os 1� 2t0

Pcr

� �
, with P ¼ RTCb

Rw
¼ 1:3� 106 Pa the physio-

logical osmotic pressure at temperature T = 25 1C (R being the
ideal gas constant).

Combining Ponder’s relation, its osmotic correction for a
tense membrane and the geometric condition of the sphero-

cylinder S ¼ 2O
r
þ 4pr2

3
, we can finally express the tension t0 in

terms of r, Sp, Op and c as the solution of the equation:

t0

K
þ 1 ¼ 2Op

rSp
1þ Rw

1� c

c

� �
1� 2t0

Pcr

� �
þ 4pr2

3Sp
: (3)

In Fig. 2B we plot our predictions for tension t0 in the
membrane as a function of the confining radius r. As r
decreases, the tension sharply increases from 0 when r o rc.
For c o 0.47, a preswollen cell exhibits a tense membrane even
if it is not confined, as shown in Fig. 2B by the nonzero
constant tension curve at large r in this case.

Increasing the membrane tension at constant osmolarity
implies an increase in the force driving the cell to greater
confinement. In other words, membrane tension produces a
stress resisting the flow of the confined cell and eventually
induces the occlusion. In our case c 4 0.47, and setting t0 = 0 in
eqn (3) allows us to solve for the critical radius rc associated
with the transition to t0 4 0 and occlusive flow. This yields
rc = 2.4 mm for c = 0.55 (see Section IV for this choice of c).
However natural variations in Op and/or Sp (of the order of 5%)
produce significant changes in the estimation of rc, in agreement
with our observations that different cells do not consistently
enter the occlusive regime at the same location (thus discarding
any role of wall defects) for a given tube.

For reproducibility, we used the same cell to focus on this
regime where tension competes with lubrication. In a second
set of experiments, we thus used an oscillatory pressure head D
to first locate rc for the cell and then span the dynamics of the
occlusive regime when the radius is in the range r* o r o rc

(r* marks the next regime, see below) and the pressure head
5 o Do 500 Pa. In Fig. 2C, we show the scaled speed of the cell
u/%v+ as a function of confinement radius; as the pressure head
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is increased, the relative velocity of the cell changes by more
than an order of magnitude in this occlusive zone.

We will discuss this regime in more detail in Section IV.

C. Regime III: cell lysis and flow recovery

When confinement produces tension greater than about
10 mN m�1 (an area increase of about 2%)28 that corresponds
to a tube radius r* E 2.2 mm (solving eqn (3) with t0 = 10 mN m�1),
the cell finally lyses. In this third regime, there is a sharp rise in
the velocity of the cell, and observations show that at this
transition, the cell first retracts from the back by a few percent
(Fig. 2D and Movie S2, ESI†), consistent with the estimated stretch
ratio required to rupture the membrane. Indeed, the tracked object
in this regime appears to be the gel-like cytoplasmic content of the
cell released after lysis (see the rightmost inset of Fig. 2A), which
follows the flow as a passive tracer (see regime III data for Fig. 2A).
The ability to further observe the ruptured post-lysis membrane
sack flowing (not shown here) strongly suggests that RBC arrest is
due to physical blockage, not physico-chemical adhesion.

IV. Discussion

The dominating forces occurring in the confined regime II
detailed above (Section IIIB) are found in the clearance between
the cell membrane and the tube wall. To investigate the elasto-
hydrodynamic balance in this regime, it is then judicious to
extract the local measurement of lubrication gap height h. Yet,
as pointed out earlier, our optics does not allow the direct measure-
ment of clearance h. We adopt here an indirect approach, where we
extract h from the measurements of u and r presented in Fig. 2. To
do so, we use the three hydrodynamic relations given below:

1 ¼ dðzÞ
D
þ �vðzÞ

�v+ðzÞ
; (4a)

�v

u
¼ 1� f1

‘ffiffiffiffiffiffiffi
2rh
p
� �

h

r
; (4b)

d ¼ f2
‘ffiffiffiffiffiffiffi
2rh
p
� �

2mu‘
rh

; (4c)

where f1ðaÞ ¼ 1þ p
3pþ 8a

and f2ðaÞ ¼ f1ðaÞ þ
2p
a

. The derivation

of these three relations is shown in the Appendix, and they express,
respectively, the continuity of pressure, the incompressibility of the
plasma, and the hydrodynamic force balance. They are thus based
on purely hydrodynamical considerations, without assuming an
elastic model for the cell, although the confined cell shape is
approximated by a sphero-cylinder in order to obtain the func-
tionals f1 and f2. In the three independent equations, only d, %v and
h are the non-measurable, unknown parameters. We can thus
solve for all 3 unknown parameters, using the measured remain-
ing input, to obtain an indirect, yet experimental, measurement
of lubrication clearance height h as a function of u and r. The
value obtained for h is, by construction of the model, the one for
which the cell is better approximated by a sphero-cylinder of
radius a = r�h.

We show in Fig. 3A our results regarding h vs. u with the different
lines representing different radii 2.2 o r o 2.3 mm for the same
single RBC. The values of h are in the nanometer range, which
illustrates the sensitivity of our methods, owing to the low effective
aspect ratio of the tube used here (see also Section IIIA). We note
that the Debye length in the plasma buffer is about32 1 nm. The
amplitude of membrane thermal fluctuations, estimated at T =

25 1C by
kBT

t0

� �1=2

(kB being the Boltzmann constant) is also about

1 nm at most, for the BmN m�1 tensions encountered here. Hence
electrostatic and thermal effects may challenge our hydrodynamic
interpretation at this length scale, and we did not report any value of
h below 1 nm. Well above this threshold, the curves show a
transition between two power-law regimes that we discuss now.

Calculating the scaled gap e ¼ h

r
and the capillary number

Ca ¼ mu
t0

, with the tension obtained from eqn (3), allows us to

show the variation of
r2

‘2
e as a function of

r3

‘3
Ca in Fig. 3B. We see

that the experimental data follow a single master curve, with the cell
area Sp, volume Op and plasma osmolarity c chosen to maximize
data collapse: Sp = 132.3 mm2, Op = 85.5 mm3 and c = 0.55. The
osmolarity is a fitting parameter to account for residual solutes not
washed away from the blood sample. In this case, we note that the
tension t0 is found between 1 and 5 mN m�1, well above the value
|t| of its characteristic variation in the membrane, estimated with
eqn (A.15) to be at most 0.1 mN m�1. This observation justifies the
approximation of uniform tension t0 c t used in the Appendix
(Section 5) to derive the elasto-hydrodynamic scalings we use
below. Furthermore, these values of t0 are above an eventual
uncertainty B0.5 mN m�1 that may originate from the limited
spatial resolution when measuring the radius r.

We repeated this procedure for a cell in plasma with higher
osmolarity, 0.6� PBS, and reported in blue in Fig. 3B the average
curve obtained at the best data collapse, this time for Sp = 135.5 mm2,
Op = 85 mm3 and c = 0.64, but at confinement radii between 1.8 mm
and 1.9 mm. The rightmost part of this blue curve is subject to high
uncertainty, because the calculated tension in this part of the curve is
about 0.5 mN m�1 or less, close to its standard deviation. These
small values are also comparable to the characteristic variation |t| of
tension in the membrane, in which case the elasto-hydrodynamic
scalings derived in Section 5 of the Appendix may not be valid
anymore. The occlusive regime with a tense membrane occurs
when the cell is already significantly elongated in that case.
Nevertheless, the leftmost part of the blue curve, where the
membrane surface tension is above 1 mN m�1, coincides with
the red curve obtained at lower osmolarity.

Disregarding the small deviation of the blue curve from the
master curve, we can extract the following scalings from Fig. 3B
(dashed lines):

e ¼
ð7� 3Þ � ‘

r

� ��0:10�0:10
Ca0:70�0:03 for ‘4 ‘c;

ð0:04� 0:01Þ � ‘

r

� �1:04�0:06
Ca0:32�0:02 for ‘o ‘c;

8>>>><
>>>>:

(5)
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with ‘c � 30
ffiffiffiffiffiffiffi
2hr
p

. These scalings are thus in agreement with
our simple elasto-hydrodynamic model derived in the Appen-
dix, eqn (A.25), and the measured length ‘c that marks the
transition from a long cylindrical cell to a short spherical cell is
also in fair agreement with our hydrodynamic calculation
(Fig. 4 in the Appendix). We could only investigate a fraction
of decade of the 1/3 power law regime and cannot confidently
assess whether this regime is maintained for higher velocities.
Some studies suggest an oscillatory behavior of the clearance
size as a function of the length of the confined cell,33,34 which
may indeed make the 1/3 power law regime spanning less than
a decade.

We finally note that the numerical solution of the Landau–
Levich equation in the case of an infinitely long cell or bubble,
treated by Bretherton35 and Secomb et al.,9 gives the prefactor
to the scaling e = 2.123 � Ca2/3. Although our measurement is

consistent with this order of magnitude, the moderate discre-
pancy may come from finite-length effects or the oversimplified
sphero-cylinder geometry assumed for the cell.

V. Conclusions

We have reported here the measurements of the motion of a
single RBC in a tube with various levels of confinement and
driving pressure head. We have shown that there is a range
of confinement radii where the cell significantly alters the flow
to almost arrest it. In this regime, we were able to extract
precise values of lubrication clearance height h from a purely
hydrodynamic interpretation of our measurement. We have
explained this regime with a simple elasto-hydrodynamic model
which predicts the dependency of lubrication clearance height h
between the tube wall and the cell. We observed that the gap
height increases for increasing velocity and decreasing confine-
ment, following a power-law that depends on the length of the

confined cell. By using the estimate eqn (1), KT �
r

h
¼ e�1, we

note that the values observed for h correspond to an intrinsic
viscosity 200 r KT r 2000, a range that is directly relevant to the
study of flow occlusion more broadly. In this regime the apparent
viscosity ma will follow a power law dependency with the cell
velocity and the tube radius according to eqn (5).

Our study highlights the role of lateral confinement in the
increase in the effective viscosity of an RBC that strongly occludes
flow, and thus paves the way for the study of vaso-occlusion in a
variety of pathophysiological conditions associated with restricted
blood flow in instances such as sickle cell disease, malaria, clots
etc. But it may also appear relevant for physiological filtration
processes relying on highly confined flow, e.g. in splenic sinuses.36

More generally, it shows how pressure-driven flow of soft objects
couples to confinement37 and sets the stage for adhesion to the
wall38 to ultimately arrest motion and eventually cascade to larger
scales to form a jam or clot.

Appendix

The occlusion originates from the elasto-hydrodynamic balance
between the hydrodynamic forces, pushing the cell membrane
away from the tube wall to maintain the lubrication layer of the
liquid, and the tension in the membrane that resists confine-
ment. This force balance occurs in the lubrication layer itself,
and we need a local measurement of its height h to access the
elasto-hydrodynamic balance. In this appendix, we derive from
lubrication theory a set of equations that permit us the access h
from the measurements obtained in regime II and summarized
in Fig. 2C. The last section gives a scaling analysis of the elasto-
hydrodynamic force balance.

1. Macroscopic flow

We consider the RBC confined and traveling in a slowly-tapered
capillary of radius r(z), filled with a liquid, or plasma, of viscosity m.
At the wider extremity of the capillary z = z0, a pressure P(z = z0) = D
is applied, and the pressure at the other tapered edge of the

Fig. 3 (A) Lubrication gap size h between the cell and capillary walls
plotted against the cell velocity u for several tube radii 2.2 mm o r o

2.3 mm. (B) Scaled lubrication gap size
h

r

r

‘

� �2
between the cell and capillary

walls plotted against the scaled cell velocity
mu
t0

r

‘

� �3
for 2.2 mm o r o

2.3 mm showing a characteristic change in power law scaling from eB Ca2/3

for small velocity to e B Ca1/3. The red curve is from the data shown in (A),
while the blue line is from a separate experiment.

Soft Matter Paper

Pu
bl

is
he

d 
on

 2
6 

O
ct

ob
er

 2
01

5.
 D

ow
nl

oa
de

d 
by

 O
IS

T
 G

ra
du

at
e 

U
ni

ve
rs

ity
 o

n 
26

/1
0/

20
15

 1
9:

39
:3

8.
 

View Article Online

http://dx.doi.org/10.1039/c5sm01282a


Soft Matter This journal is©The Royal Society of Chemistry 2015

capillary is imposed at P(z = z0 + L) = 0. The incompressible
liquid then flows with an average flow rate q = p%v(z)r(z)2 (in the
direction of increasing z, see Fig. 2 of the main text), where %v(z)
is the average flow velocity at position z, and the RBC moves at a
velocity u(z) (%v,u Z 0 for D Z 0). Far from the cell, the pressure
field P and the liquid velocity field V are determined by the
lubrication approximation in the tapered tube (r0(z) { 1). We
thus have

Vðr; zÞ ¼
far from
the cell

v0ðr; zÞ ¼
2q

prðzÞ2 1� r2

rðzÞ2

	 

; (A.1a)

PðzÞ ¼
far from
the cell

p0ðzÞ ¼
8mq
p

ðz0þL
z

rðzÞ�4dz; (A.1b)

which define the fields v0(r, z) and p0(z), where r is the radial
distance from the center of the tube.

Plugging the boundary condition P(z0) = D into eqn (A.1b)
uniquely gives the flow rate: in the absence of the cell in the

tube, this yields q+ ¼ p�v+ðzÞrðzÞ2 ¼
pD
8m

Ð z0þL
z0

rðzÞ�4dz
h i�1

, i.e.

eqn (2) used in the main text. If the RBC is in the tube at a
position z, then the condition P(z0) = D becomes

D ¼ 8mq
p

ðz0þL
z0

rðzÞ�4dz�
ð
gap

P0ðzÞ � p0
0ðzÞ½ 	dz;

that we write as

dðzÞ
D
¼ 1� q

q+
¼ 1� �vðzÞ

�v+ðzÞ
; (A.2)

where dðzÞ ¼ �
Ð
gap P0ðzÞ � p0

0ðzÞ½ 	dz is the additional pressure

jump associated with the RBC, with the integral evaluated over
the length of the gap between the cell membrane and the tube
wall, and with P � p0 being non-zero only in this gap with
clearance much smaller than the tube radius r(z).

When N cells are flowing in file in the tube, eqn (A.2)

becomes
Nd
D
¼ 1� 8m�vL

Dr2
if the capillary is a straight cylinder

of radius r and length L. The tube hematocrit is defined as

HT ¼
NO
pr2L

with O the volume of each cell. The apparent

viscosity is given by Poiseuille’s law ma ¼
Dr2

8�vL
and yields the

effective viscosity of a Newtonian fluid that would flow in the
capillary tube at the same velocity %v under load D. We may thus

write eqn (A.2) as ma = m(1 + KTHT) with KT ¼
1

8

pr2‘
O

1

m
dr2

�v‘
for a cell

of length ‘. Since O B pr2‘ for a confined cell, we obtain

KT �
1

m
dr2

�v‘
.

2. Lubrication hydrodynamics in the cell-wall clearance

To gain more insight, we can approximate the pressure profile
in the gap between the RBC and the tube wall using a lubrica-
tion theory.35 Here v(r,z) = V(r,z)� v0(r,z) and p(z) = P(z) � p0(z).
We will write the dependency of various quantities on z only

if they vary significantly over the axial length of the gap.
Hence,

r(z) = r, u(z) = u, %v(z) = %v, p0(z) = p0, d(z) = d,

while we explicitly write, for example, p(z) and v(r,z).
In the gap between the cell and the tube wall, we write the

lubrication equation:

p0ðzÞ ¼ m
1

r
@

@r
r
@vðr; zÞ
@r

	 

; (A.3)

while the liquid incompressibility is expressed in terms of
flow rates:

q ¼ upaðzÞ2 þ 2p
ðr
aðzÞ

Vðr; zÞrdr

¼ upaðzÞ2 þ q 1� aðzÞ2
r2

	 
2
þ 2p

ðr
aðzÞ

vðr; zÞrdr;

(A.4)

where we have used the expression of v0(r, z) given by
eqn (A.1a), and where a(z) describes the profile of the cell
radius. The boundary conditions for the liquid velocity are:

v(r,z) = 0, (A.5a)

v(a(z),z) = u � v0(a(z),z). (A.5b)

Solving the system of eqn (A.3)–(A.5) for p0(z) gives, keeping only
the leading order terms,

� r2

6mu
p0ðzÞ ¼ ðw� 1Þ r3

hðzÞ3 þ
wþ 1

2

r2

hðzÞ2 þ
7wþ 3

30

r

hðzÞ þ 
 
 


(A.6)

where w = %v/u is the capillary hematocrit ratio9,39 and h(z) =
r � a(z) { r is the gap. One can also calculate the scaled viscous
stress at the tube wall,

r

3mu
�m@v

@r

����
r¼r

 !
¼ ðw� 1Þ r2

hðzÞ2 þ
wþ 3

3

r

hðzÞ þ 
 
 
 (A.7)

and at the cell wall,

r

3mu
m
@v

@r

����
r¼aðzÞ

 !
¼ ðw� 1Þ r2

hðzÞ2 þ
2w
3

r

hðzÞ þ 
 
 
 ¼ �
r

3mu
t 0ðzÞ;

(A.8)

the latter being balanced by the gradient of the tension t0(z) in
the membrane of the RBC.

Now defining the lengths

‘n ¼
ð
gap

er
hðzÞ

	 
n
dz for n ¼ 1; 2 . . . ; (A.9)

where e { 1 is the characteristic scaled size of the gap, we can
express the additional pressure jump d ¼ �

Ð
gap

p0ðzÞdz, the

viscous force along the tube wall s ¼ �
Ð
gapm

@v

@r

����
r¼r

dz, and the

membrane tension jump t ¼ �
Ð
gapt

0ðzÞdz by integrating

Paper Soft Matter

Pu
bl

is
he

d 
on

 2
6 

O
ct

ob
er

 2
01

5.
 D

ow
nl

oa
de

d 
by

 O
IS

T
 G

ra
du

at
e 

U
ni

ve
rs

ity
 o

n 
26

/1
0/

20
15

 1
9:

39
:3

8.
 

View Article Online

http://dx.doi.org/10.1039/c5sm01282a


This journal is©The Royal Society of Chemistry 2015 Soft Matter

eqn (A.6), (A.7) and (A.8) respectively, to obtain

r2

6mu
d ¼ w� 1

e3
‘3 þ

wþ 1

2e2
‘2 þ

7wþ 3

30e
‘1 þ 
 
 
 ; (A.10a)

r

3mu
s ¼ w� 1

e2
‘2 þ

wþ 3

3e
‘1 þ 
 
 
 ; (A.10b)

r

3mu
t ¼ w� 1

e2
‘2 þ

2w
3e
‘1 þ 
 
 
 (A.10c)

Longitudinal force balance on the cell yields the equation
pr2d = 2prs. Using eqn (A.10a) and (A.10b) in this force balance
allows us to solve for the capillary hematocrit ratio w, and thus
obtain the following expressions for d and t:

w ¼ 1� ‘2
‘3
eþ ‘1

‘3
� ‘2

2

2‘32

� �
e2 þ 
 
 
 ; (A.11a)

r2

6mu
d ¼ 4‘1

3
� ‘2

2

‘3

� �
1

e
þ 
 
 
 ; (A.11b)

r

6mu
t ¼ ‘1

3
� ‘2

2

2‘3

� �
1

e
þ 
 
 
 : (A.11c)

Using eqn (A.11a) into eqn (A.6), one finally writes the scaled
pressure gradient, to leading order, as

� r2

6mu
p0ðzÞ ¼ r2

hðzÞ2 �
‘2
‘3

r3

hðzÞ3eþ 
 
 
 ; (A.12)

which is the Reynolds equation.

3. Modified Landau–Levich equation

The normal force balance on the cell membrane in the lubrica-
tion gap is written as

t0 þ tðzÞ½ 	 1
r
þ h00ðzÞ

	 

¼ Pi � p0 þ pðzÞ½ 	; (A.13)

where t0 is the membrane tension at the front of the cell and Pi

is the uniform pressure inside the cell, assuming that there is
no flow inside the RBC. At the front of the cell (higher z), ( p,t) =
(0,0) and at the back, (p,t) = (d,t).

In our experiments the end caps of the confined RBC are
hemispherical with radius r (see the inset of Fig. 2A), so that the
normal stress balance, eqn (A.13), at the front and back of the

Table 1 All notations used in the article

a(z), a Radius of the cella Pi Uniform pressure inside the cell
a Scaled length of the cell’s tubular region a = ‘/(2hr)1/2 P Osmotic physiological pressure at T = 25 1C
ac Critical value of a for the cell’s dynamic transition q Plasma flow rate
c Scaled osmolarity c = C/Cp q+ Plasma flow rate in a cell-free tube
C Osmolarity r(z), r Tube inner radiusa

Cp Physiological osmolarity R Ideal gas constant
Ca Capillary number Ca = mu/t0 Re Reynolds number Re ¼ rbr�v=m
d(z), d Pressure drop across the cella rc Onset radius of cell confinement
D Hydrostatic pressure head r* Onset radius of cell lysis
e Scaled height of the lubrication clearance e ¼ h=r Rw Volume fraction of ‘‘active’’ water
f1(a) Kinematic function for transition from the short to long cell r Radial cylindrical coordinate
f2(a) Dynamic function for transition from the short to long cell rb Mass density of buffer PBS
f(x) Scaled excess pressure f ¼ p=ðt0=rÞ s Integrated viscous stress at the tube wall
g Gravity S Surface area of the cell membrane in confinement
g(z), g Effective tapered tube aspect ratioa Sp Physiological surface area of the cell membrane
G(n) Euler gamma function of order n t(z), t Excess tension in the cell membranea

h(z), h Lubrication gap profilea h = r � a T Temperature
H Hydrostatic reservoir altitude above discharge t0(z), t0 Uniform isotropic tension in the cell membranea

HT Tube hematocrit t Tension drop in cell membrane across its length
Z Characteristic variation of h u(z), u Velocity of the cella

K Elastic area stiffness of the RBC membrane %v(z), %v Mean velocity of the plasmaa

kB Boltzmann constant %v+(z), %v+ Mean velocity of the plasma in a cell-free tubea

KT Intrinsic viscosity at the single cell level v(r,z) Excess plasma velocity field in the lubrication gap
‘ Length of the tubular region of the confined cell V(r,z) Plasma velocity field V = v + v0
‘c Critical value of ‘ for the cell’s dynamic transition v0(r,z) Plasma velocity field far from the cell
‘n Lubrication gap length of order n (eqn (A.9)) O Volume of the swollen cell in confinement
L Length of the capillary tube Op Physiological volume of the cell
l Characteristic axial length over which h varies by Z Os Volume of the unconfined osmotically swollen cell
m Plasma (PBS in our experiments) viscosity x Scaled axial cylindrical coordinate x ¼ ð6CaÞ2=3z

�
ðerÞ

ma Apparent blood viscosity w Hematocrit ratio w ¼ �v=u

n Integer for the order number y(x) Scaled lubrication gap profile y ¼ h=ðerÞ
N Number of cells in the capillary segment y0(x) Scaled sphero-cylindrical gap profile (eqn (A.18))
p(z), p Excess pressure field in the lubrication layera z Axial cylindrical coordinate
P(z) Pressure field P = p + p0 z0 z-Coordinate of the wider end of the capillary
p0(z), p0 Pressure field far from the cella

a The lack of explicit z-dependency in the notations indicates the characteristic magnitude of the corresponding z-dependent quantity; for example,
b indicates a characteristic representative value for b(z).
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cell is written as

2t0

r
¼ Pi � p0; (A.14a)

2 t0 þ tð Þ
r

¼ Pi � p0 þ dð Þ; (A.14b)

respectively. From these relations, we can notably infer

�2t
r
¼ d: (A.15)

Assuming that the tension is uniform, high and equal to t0 c t

in the RBC membrane, defining the capillary number Ca ¼ mu
t0

,

the scaled pressure f ¼ p

t0=r
, the scaled gap yðzÞ ¼ hðzÞ

er
and

x ¼ ð6CaÞ
1=3

er
z, eqn (A.12) and (A.13) now read

�f0ðxÞ ¼ ð6CaÞ
2=3

e
1

yðxÞ2 �
‘2
‘3

1

yðxÞ3

	 

; (A.16a)

fðxÞ ¼ 1� ð6CaÞ
2=3

e
y00ðxÞ; (A.16b)

where ‘n ¼
er

ð6CaÞ1=3
Ð
gapyðxÞ�ndx.

Contrasting the case studied here for a membrane, we note
that for a bubble moving in a tube, the condition of vanishing

tangential stress at the air–liquid interface, i.e.
@v

@r

����
r¼aðzÞ

¼ 0,

replaces the condition of eqn (A.5b) (while all other equations
remain). In that case, eqn (A.16) are recovered, but the prefactor
for Ca is 3 instead of 6 in both equations and in the definitions
of x and ‘n.

The profile of the cell is obtained by eliminating f in the
system of eqn (A.16), which yields

y000 ¼ 1

y2
�
Ð
y�2Ð
y�3

1

y3
: (A.17)

Again, it is useful to contrast this result with that for a long

bubble where the relation found by Bretherton is y000 ¼ 1

y2
� 1

y3
,

the Landau–Levich equation.35 We can recover this limit (long
cells) from eqn (A.17), which should otherwise be used for a
finite-length bubble or membraneous cell, as is the case here.

4. Sphero-cylinder approximation

The modified Landau–Levich differential equation, eqn (A.17)
is challenging to solve. As a first approximation, the shape of
the confined RBC may be well described by a cylinder of length
‘ and radius r(1 � e), with hemispherical end caps, in which
case y(z) = y0(z) given by

y0ðzÞ ¼ 1þ

ðzþ ‘=2Þ2
2er2

for zo � ‘=2;

0 for jzj � ‘=2;

ðz� ‘=2Þ2
2er2

for z4 ‘=2;

8>>>>>><
>>>>>>:

(A.18)

where we use a quadratic approximation for the spherical ends,
and we chose z = 0 at the center of the cell. Then we calculate

‘n ¼ ‘þ
ffiffiffi
p
p

Gðn� 1=2Þ
GðnÞ ð2eÞ1=2r, where G is the Gamma function,

and eqn (A.11) yield

w = 1 � e + 
 
 
, (A.19a)

r

mu
d ¼ 2‘=r

e
þ 
 
 
 ; (A.19b)

1

mu
t ¼ �‘=r

e
þ 
 
 
 (A.19c)

We note that, in leading order, the last two equations agree
with eqn (A.15), independently derived from the normal stress
balance, and we thus validate the sphero-cylindrical approxi-
mation used here.

If the object is better approximated by a sphere, for which

‘ = 0 and e = min(h/r), then ‘n ¼
ffiffiffi
p
p

Gðn� 1=2Þ
GðnÞ ð2eÞ1=2r and we

find from eqn (A.11)

w ¼ 1� 4

3
eþ 
 
 
 ; (A.20a)

r

mu
d ¼ 8p
ð2eÞ1=2 þ 
 
 
 ; (A.20b)

in agreement with previous studies.40,41 It is useful to understand
the transition between these shapes, and to make this trans-

parent, we introduce the scaled cell length a ¼ ‘

ð2eÞ1=2r ¼
‘

ð2hrÞ1=2.

Then
‘n

ð2eÞ1=2r ¼ aþ
ffiffiffi
p
p

Gðn� 1=2Þ
GðnÞ , and we find the relations

w = 1 � f1(a)e + 
 
 
, (A.21a)

r

mu
d ¼ f2ðaÞ

4a
ð2eÞ1=2 þ 
 
 
 ; (A.21b)

with

f1ðaÞ ¼ 1þ p
3pþ 8a

; (A.22a)

f2ðaÞ ¼ 1þ p
3pþ 8a

þ 2p
a
; (A.22b)

which allow us to interpolate between the two limits: setting
a c 1 leads to results pertinent to the cylinder (eqn (A.19)),
while setting a { 1 leads to results pertinent to the sphere
(eqn (A.20)). In Fig. 4 we show a plot of function f2(a), which is
the prefactor characterizing the shape-dependent dynamics of
the cell in eqn (A.21b). We notably see that the transition from a
short cell (sphere regime) to a long cell (sphero-cylinder regime)

occurs for ac ¼
‘c

ð2hrÞ1=2 � 10.

5. Elasto-hydrodynamics

We now turn to eqn (A.13) to assess the elasto-hydrodynamic
balance that sets the gap height in both cases, long and short
cells, highlighted above. When differentiated with respect to z,
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eqn (A.13) reads

t0
d3h

dz3
¼ �dp

dz
; (A.23)

where we have assumed that t0 is uniform in the membrane
and t0 c t. If we call Z the characteristic variation of h over
a characteristic distance l, the left side of the equation scales

as t0
d3h

dz3
� t0Z

l3
. Equating this with the pressure gradient

�dp
dz
� muZ

h3
, obtained using the lubrication approximation in

the gap, eqn (A.12), implies that

h B lCa1/3. (A.24)

Similar scalings have been proposed to support the simulation
studies of comparable systems.42,43

For a long cell (‘ c r), the clearance has a constant value
except near the spherical ends, where the dominating pressure

drop occurs. At the cell ends, Z = h and the curvature
h

l2
� 1

r
, so

that l �
ffiffiffiffiffi
hr
p

, typical for a spherical contact. Eqn (A.24) then

yields e ¼ h

r
� Ca2=3, the classical Bretherton scaling for long

bubbles.35,44,45 For shorter cells, l B ‘ and we derive the

alternate scaling law e � ‘
r
Ca1=3.

We expect that the length of the cell at which the transition
between these two elasto-hydrodynamic regimes occurs is the
same as the purely hydrodynamic transition length ‘c calcu-
lated in the previous section. Hence, we finally obtain

e �
Ca2=3 for ‘4 ‘c;

‘

r
Ca1=3 for ‘o ‘c;

8><
>: (A.25)

with ‘c � 10
ffiffiffiffiffiffiffi
2hr
p

.
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